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In the context of dark energy problemy peing 120 orders of magnitude too large)
there has been more interest in tien-friedmannian modelsf the universe which
could explain the acceleration only due to inhomogeneityidlly E. Kolb). One

of the strogest claims was that

we are living in a spherically symmetric void of densitydescribed by the
Lemaitre-Tolman-Bondi dust spheres model

e.g. Uzan, Clarkson, Ellis (PRL0OO, 191303 (2008))
Caldwell and A. Stebbins (PRIL0O0, 191302 (2008))
Clarkson et al. (PRL101, 011301 (2008))
and many others
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Simplest inhomogeneous models apnerically symmetric and violate
the Copernican Principle which says that we do not live at the center of
the Universe.

However observations (including CMB) have been madefjost one
point in the Universe and extend only onto the one (and unique)ligést
cone and proved isotropy only.

It seems that homogeneiteeds a check

Suppose we live imn inhomogeneoumnodel of the Universe with theame
(small) number of parametersasa homogeneous dark enenmgodel and
they both fit observations very well.

Could wedifferentiate between these models?
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There arédwo complementary spherically symmetric modelf the
universe.

These are: theinhomogeneous densitydust shells)
Lemaitre-Tolman-Bondi (LTB) models and inhomogeneous pressure
(gradient of pressure shells) Stephani models.

Can they mimic homogeneoCDM dark energy models?

Additionally, there are lots inhomogeneous models (Godd86), Szafron
(1977), Szekeres (1975), Wainwright-Goode (1980), Rareyilla (1992)
etc.) to investigate as candidates for dark energy. SedeKyasinski, K.
Bolejko, M.-N. Celérier and others.
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2. Complementary models of the spherically symmetric Univese

In order to make aomplementary analysiswith LTB models the following table
proves useful:

pressure density
FRW p=p() 0= o(t)
LTB p=0(p(t)) o = o(t,r) - nonuniform

Stephani p = p(t,r) - nonuniform o= o(t)
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— is the only spherically symmetric solution of Einstein agoins forpressureless
matter (T** = pu®u®) and no cosmological term (G. Lemaitre, Ann. Soc. Sci.
Brux. A 53, 51 (1933); R.C. Tolman, Proc. Natl. Acad. S@0, 169 (1934); H.
Bondi MNRAS 107, 410 (1947))

12

ds* = —dt?
S +1—K

dr® + R*(df? + sin*0d¢?) | (1)

where
R = R(t,r); R’ = 0R/0r; K=K(r) . (2)

The Einstein equations reduce to

_ 2M (r)

R2
R

— K(r); 2M' = koR*R’ (3)

and are solved by
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Vi ) =T+ ) @

R(Tv 77) —

where forK (r) < 0 (hyperbolic),K (r) = 0 (parabolic), and<(r) > 0 (elliptic)
appropriately [ (r) is a spatially dependent "curvature indgwe have

®(n) = (sinhn —n;n°/6;1 — sinn) . (5)

Regularity conditions:

- existence of a regularenter of symmetryr = 0 — implies

R(t,0) = R(t,0) = 0 andM (0) = M'(0) = K(0) = K'(0) =0 andR’ — 1.

- hypersurfaces of constant time aneéhogonal to 4-velocity and are of topology
S3 —implies the existence of a second center of symmetryr. (with some
‘turning value’o < ry, < 7¢)

- a ‘shell-crossing’ singularity should mvoided— implies R’ (¢, r) # 0 except at
turning values (though it is a weak singularity - no geode@stompletness)
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— is the only spherically symmetric solution of Einstein atpoins forperfect-fluid
energy-momentum tensdf¢® = (o + p)u®u® + pg®®) which isconformally flat
andembeddablein a 5-dimensional flat space (H. Stephani Commun. Math.
Phys.4, 167 (1967); A. Kragiski, GRG15, 673 (1983)). After introducing a
Friedmann-like time coordinate (cf. later) we have

9 9 =2
I N N 2
v - L[]

2

a .
- 72 [dr2 + 7 (d92 + sin? 9dgp2)] , (6)
where
1
V(t,r) =1+ 7k(0)r, (7)
and(...)” = 0/0t. The functiona(t) plays the role of @eneralized scale

factor, k(t) has the meaning af time-dependent "curvature index”, andr is
the radial coordinate.
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The energy density and pressure are given by

a’(t) k()
o) =3[y + | ©
t = t | 1 L o(t) [Va(&r)} = t t 9
p(,?“) — Q()<_ + gg(t) [Vt,r)] >:w€ff(7r)g()7 ()
\ a(t) /
andgeneralizahe standard Einstein-Friedmann relations
B a*(t) k
) = 3 (56 + ) °o)
_(La) | a*@) |k
W) = - (255 + =0 * =w) (D

to inhomogeneous models.
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Kinematic characteristic of the model:
1 : . Cooand
Ug:p = §@hab — UgUp U= (U u®)2 . (12)

where Is the acceleration scalar and theceleration vector

(13)

tr = a2 a? VY
o | (Y)]
while the expansion scalar is the same as in FRW model, i.e.,
0=32. (14)
a

Compare: LTB has non-zero expansion and shear.
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The four-velocity and the acceleration are

1 , Vo,

Ur = — C— Uy = — C—— . (15)

The components of theector tangento zero geodesic are

‘/2

a2r2’

2 2 h2
kT:V—, LA — k=0, k¥ =h
a a’ 72

(16)

whereh = const., and the plus sign in applies to a ray moving away fifoem
centre, while the minus sign applies to a ray moving towandscentre. The
acceleration scalans

0 = (a,ut): = =L = -2, (17)

Thefarther away from the center at = 0, thelarger the acceleration
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Global topology stillS? x R. The models are justpecific deformations of
the de Sitter hyperboloid near the “neck circlebut with local topology
of the constant time hypersurfaces (index(t¢)) changing in time.

Usually we cut hyperboloid by eithér= 1 (S° topology),k = 0 (R?) or

k = —1 (H?) — here we have “3-in-1" — the Universe may eithepen up”
or “close down”.

standard3ig-Bang singularitiesa — 0, 0 — oo, p — oo are possible (FRW
limit).

Finite Density (FD) singularities of pressure appear at some particular
value of a radial coordinate— in standard=RW cosmology there exist

exotic (sudden future) singularities of pressure (Skif) finite scale factor
and energy density — they differ (MPD 2005).

There isno global equation of state- it changes from shell to shell and on
the hypersurfaces= const.
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... have been found (MPD, 1993). For the so-calMmblel I one has

<§) =0 ie. k(r)=—pBa(r) (18)
with the unit[3] = Mpc~1.

A subcase of model Il (from now oihA ) was proposed by Stelmach and Jakacka
(2001)) — it assumes that teéandard barotropic equation of state

s = wo(T) (19)

at the center of symmetry ama exact form of the scale factor. This assumption
gives that

A2
q3(w+1) (7-)

IrG

23 o) = C3(r) =

(A = const.) (20)

and allows to write a generalized Friedmann equation as
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and

I%;) = |w+ g(w + 1)a(7)r2] o(1) = weypro(T) - (22)

Similarly as in the Friedmann model, we can define criticalsiky as

3c? a - 2
0cr(T) = 817G (CL(T)) (23)

and the density paramet@rr) = o(7)/0.-(7) which after takingr = 7, gives

A2 502
1= — = Qo+ Qinn 24
Hgaii(w—l—l)(fo) Hgao 0+ h (24)
and so
a0 H?
B = 062 0 (Qo—1) . (25)
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Model | - effective barotropic index

t[Gyr]

Figure 1:

The effective barotropic index. ¢ IS getting more and more negatisenulating
dark energyor large distances form the center {at 0) and far from the
big-bang singularity (at = 0).
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In ModellIB the scale factor is of theust-like type
a(t) = ot?/3, k(t) = —aoca(t), , (26)

(o] = (s/km)?/3Mpc=/3, [0] = (km/s)?/2Mpc'/3, [t] = sMpc/km) but the
equation of state at the center of symmetry is no longer bt

3272G? , 3

In the limit of theinhomogeneity parametera — 0 one obtains the Friedmann
universe. FD singularity of pressure israt> oco.
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Redshift drift (Sandage 1962} the idea is to collect data from two light cones
separated by 10-20 years to look for a change in redshift oliece as a function

of time.
\re‘,re .

e, Te

0,70 + (5?‘0

rO-.""e

There is a relation between the times of emission of lighthgydource-, and
7. + 07, and times of their observation at andr, + d7,:

To To+57_o d
/ dr :/ T | (28)
Te CL(T) Te+0Te CL(T)
which for smalls7. andé, reads a a‘z:z) - a‘zjz) .
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For smallé7. anddr, we expand in Taylor series

O(uqk®
(ugk®)o = (ugk®)(ro, 70 + 070) = (Uak®)(r0,T0) + [ (UaT )] dTo
(740)7_0)
ak”
(ke = (uak®)(re,Te + 07e) = (Uak®)(re, ) + [8(“ )] 57e |
OT  J(reme)
where for inhomogeneous pressure models the readshift e=ad
V(te,re)
(uak®) R(te)
1+ 2z = & = - (29)
a Vv t(),?“()
(uak )O W

From the definition of the redshift drift by Sandage (1962):

P (uaka)(reﬂ-e —|_57_e) B (Uaka)(re,Te)
08 e T k) (oo + 070) (1B ) (0, 0) (30)
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For general SS Stephani metric we obtain

a% (ugk®) = — (%) — % (S)'ﬁ , (31)
and
;TZO = [(E)[ Zi]ia)} La(Te) - [(E)[I:Zi]ij% : 2a(t0)(1+2) (32)

For the model withk/a)" = 0 we have

5z Hy [HG(Z)

_ iR

ot 14 *k(mo)rd -1+ Z)] ‘ (33)

Sandage-Loeb CDM formula fé2;,,, — 0; H.(2) = Ho(1 + 2)3/2, rqg — 0.
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Redshift drift - LTB voids.

10'° A,z / year

™ Plots for3 different LTB void models ACDM, brane DGP, Cold Dark
Matter (CMD) (Quercellini et. al, 2012).

W ACDM - the drift ispositive at small redshift, but becomes negative for
z 2 2.

W Giant void (LTB) model mimicking dark energy - the driftasvays
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10'° Az/year

Qinh=0.99 0.20f Qinh=0.99
ACDM g 0.15¢ ACDM
| 2 010}
__Qinh=0.80 N  0.05- __Qinh=0.80
< i
) o 0.00¢
Qinh=0.61 \a i Qinh=0.61
— o 005 —
__ Qinh=0.40 -0.10- __ Qinh=0.40
L ~0.15t
0 1 2 3 4 5 .
7 Z

Q. sSmall - drift as in LTB and CDM models

Q.nn larger - drift as inACDM models (first positive, then negative), e.g.
for Q;,5, = 0.61 drift is positive forz € (0,0.34).

Q,nn Very large - drift positive €2;,, = 0.9 uptoz = 17; Qipn =
(inhomogeneity-dominatiory > 0) andg—j = Hy% which means that the
drift grows linearly with redshift.
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One is able talifferentiate between the drift il\CDM models, in LTB
models, and in Stephani models - this can be done in futurergrpnts.

At largerz > 1.7 redshifts bygiant telescopesEuropean Extremely Large
Telescope (E-ELT) with spectrograph CODEX (COsmic Dynamic
EXperiment); Thirty Meter Telescope (TMT); Giant Magellé@lescope
(GMT).

At smaller (ever: ~ 0.2) redshifts byspace-borne gravitational wave
interferometers like DECIGO/BBO (DECi-hertz Interferometer
Gravitational Wave Observatory/Big Bang Observét)is could clearly
reject LTB models if the drift measured was positive!
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The luminosity distance is given by

aop(1 + z)7
g = 227 (34)
1 4+ Zagrg

with anoff-center observer placed ay), 6y, ¢ as meant in the coordinate system
{t,r, 0, ¢} of the Stephani metric. More precisely we have

L+ 2z ) o
dL — | ElngQi)nh 5 T/(Qinhaw7,r079079007}[079/790/72) ’ (35)
where
1 /! d
¥ = (a) L , (36)

 Ho Jo, /T = Q)27 + Qia?

anda. is the value of the scale factor at the moment of an emissidimedight ray.
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For the redshift one takes

ap(4 — aeH(?thrg)

l+z= 37
T2 ae(4— agHEQinprs) (37)
where
r? = (rosinfcos o + #'(a)sin @’ cos ¢')?
+ (rosinfpsin gy + 7 (a) sin @’ sin @')?
+  (rocosfy + #'(a) cos 0’ sin ¢')? (38)

andd’ andy’ are the coordinates of a supernova as seen by an off-cergernel
in the sky.

We appliedUnion2 557 supernovae dataf Amanullah et al. (2010, ApJ, 716,
712) - we note the courtesy of M. Kowalski and U. Feindt to eadinhe sample.

Inhomogeneous pressure models mimickiiGDM universe — p. 26/44



Off-center observers - model IlA

1.0

0.5

0.0

-0.5

0 1 2 3 4 5 0 1 2 3 4 5 0.0 0.2 0.4 0.6 0.8 1.0
Dist(Gpc) Dist(Gpc) Qinh

Best-fit values inhomogeneity densit{;,., ~ 0.77, center of symmetry equation
of state barotropic index ~ 0.093, off-center observer positioRist = 341 Mpc
(x* = 526).
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Off-center observers - model 1IB

1.x1078}
9.x 1079
8.x 1077
% 7.%107°|
6.x 1079}

5.x 1077

4.x1079¢L . | | | ]
0 100 200 300 400 500

Dist (Mpc)

Non-barotropic EO3mits stronger the position of an observeBest-fit values
inhomogeneity parameter= 7.31 - 107° (s/km)?/3Mpc—4/3, off-center
observer positioist = 68 Mpc (x? = 615) (o = 0 case (dust) excluded.
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Position of the center of symmetry (inhomogeneity)- modellA

Best fit position: declination = —65.75° and R.A. isa = 187.33°. North
Celestial Hemisphere (left), South Celestial Hemisphegh(), Meridian line
(0 = 0) in bold. In galactic coordinatesi, b) = (300.66°, —2.98°).
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Position of the center of symmetry (inhomogeneity)- modellB

1.5]

1.0

0.5

< 0.0
~0.5

-1.0

-1.5}

Best fit position:d = 69.35°, a = 8.39°. In galactic coordinates:
(I,b) = (121.35°,6.53°).
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Dark flow direction (Watkins et al. 2009) &t ) = (287 + 9,8 £ 6)
Dark energy dipole (Mariano et al. 2012)(at) = (309, —15)
Fine structurex dipole (Webb et al. 2011) &t, b) = (320, —11)

kSZ effect on CMB (Kashlinsky et al. 2010) at
(I,b) = (296 + 13,140 + 13)

Dark flow direction (Turnball et al. 2012) &t b) = (319 4+ 18,70 4 14)
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The luminosity distance for a central observgr= 0 is (same as Friedmann)
dr, = (1 + z)agr , (39)
and the distance modulus is
u(z) = 5logydr(z) + 25. (40)

From the null geodesic equations we have (model I1A)

a0 da cC /1 dx
’]" p— C p— ’]" p— y
afao /ot 3 + (1 — Q)
(41)

wherex = a/aq. Using the definition of redshift (29) one can rewritel(41) as

2

. 1
z(x) = o 1+ o — 1 / dr ,  (42)
L 4 a/ag \/Qoxl—3w + (1 - QO)QZ3
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Combined tests - luminosity distance, apparent magnitude

and so the luminosity distande {39) reads as

Lo(x) = c(l};(—)z) \/4[2(%?:1/33] | 43)
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The shift parameter is defined as:

l/lTT
R = T (44)

whereli? — the temperature perturbation CMB spectrum multipole effitst
acoustic peak in inh. pressure model
117" — the multipole of a reference flat standard Cold Dark Mattedeh. The
multipole number is related to an angular scale of the sownddn, at
decoupling by

Ts 1

0 = — x —. 45
1 dAO<l1 ( )

For our Stephani model the angular diameter distance isidnye

dA — T"dec (46)

with rq.c given by (41) taken at decoupling.
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Using the above, we may write that for our Stephani modelsiife parameter is

. 2C‘/(tdec; Tdec)

R = (47)
HO V QO7adec
Finally, the rescaled shift parameter is
= H () ec
R = ——0viofdec (48)

Cv(tdem Tdec)

The WMAP data giveR = 1.70 £ 0.03 (Wang, Mukherjee 2006).
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One calculates the
by measuring itsransverse extenising the angular diameter distanee,

[

r

wherel andA# are the linear and angular size of an object, antinesof-sight
extent Ar, using the redshift distance

Ar = — (50)

(see e.g. Nesseris (2006)). As a result one can define thmeadlistanceDy,, as
D?, =r?Ar . (51)

Eisenstein et al. (2005) gavey, (Az = zpao = 0.35) = 1370 4+ 64 Mpc (an
acoustic peak for 46748 luminous red galaxies (LRG) satdttan the SDSS
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Inhomogeneous pressure - combined tests (SNla, RD, BAO, siparameter)

1O}

ow
&

0.0 0.2 04 0.6 0.8 1.0
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Stephani modéeits well the data for th&sNla, redshift drift, and BAO
(contours overlap atd CL).

It cannot fitthe existing observational data and recover at the sametliene
shift parametefeatures of the\CDM model (at least withind CL).

Way out:replace constant barotropic indexby w; (a).

One assumes that, (a) suddenly changes somewhere between5 and
Zdec,» @nd then remains constant.
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Inhomogeneous pressure modelsw, (a) parametrization

An example of a barotropic index parametrization(a) which can fit the data is:

2o (1 + tanh[A(ay — a)]) . (52)

wi(a) = w + 5

wherew, wg, A, anda,, are constants. Here: = 40, a.- = 0.08, wg = 0.1,
w = —0.1 and;,,;, = 0.68, 2, ~ 10.66.

O.OOT‘ |

0.0 0.2 0.4 0.6 0.8 1.C
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Inhomogeneous pressure models - combined tests for (a)

0.0 0.2 0.4 0.6 0.8 1.0
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Thegeneral inhomogeneous pressonetric

2 2 :
> _ _ata® [V
v - 2 [()

Vitawz) = 14 k0 {le— 20 + [y 900 + [z — 20} .

2 2

A + o5 [da® +dy” + d=%] (63)

with xq, yo, 2o being arbitrary functions of time is justgeneralizatioof both the
FRW and SS Stephani metrics in isotropic coordinates.

It has no symmetriesacting on spacetime.

The center of symmetrghanges its positiorfrom slice to slice.
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Viable and complementary to LTB cosmologies which dan

Clear against LTB for redshift drift (can be tested by very large
telescopes and GW detectors).

Comparison with the 557 Union2 supernovae deata

s Best fit values areDist = 341 M pc
(model IIA) with inhomogeneity densit§2;,,, = 0.77 (model 11A) and
Dist = 68 M pc with inhomogeneity parameter= 7.31 - 10~°
(5/km)?/3 Mpc—*/3 (model 1IB).

Gives a dipole which is directed ét b) = (300.66°, —2.98°) (model IIA)
and(l,b) = (121.35°,6.53°) (model 11B) and can be compared (if aligned)
with other dipoles (dark energy, dark flow, varyingdipole, etc.)

Stephani modeits well the data foiSNla, redshift drift, shift parameter,
and BAOprovided a specific parametrization for= w(a) is applied.
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Thank You!
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A fluid with spatially varying equation of stateatially varying vacuum
energylike A) is assumed which givesnongravitational forca the
Universe (which manifests as non-zero acceleration of emgo
observers).

Inhomogeneous pressure models can be considered as a kmermr of a
TOV exotic staffilled with matter like generalized (anti)-Chaplygin gas
p = £A?/0“ (A = const.) (e.g. Kamenschchik et al. 2004, 2008).

In these models there exists a static spherically symmetnéiguration in
which the central pressureat= 0 was constant, while on some shell of
constant radius, it became minus infinity (which is an analogue of a FD
singularity). Everywhere between= 0 andr = r,, thepressure is lower

than at the centeso that the particles are accelerated away which is exactly
the effect which is present in the inhomogeneous pressudeino

There is als@n ideal gas interpretatiaf these models (Sussmann 2000).
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