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Scalar-flat Kahler metrics with conformal
Bianchi V symmetry

e A conformal structure [g] on a Riemannian 4-manifold M

» with anti-self-dual (ASD) Weyl curvature
» admitting

(i) a cohomogeneity-one (Bianchi V) metric g

[Xo, X1i] = X1, [Xo, Xo] = X2, [X1,X2] =0.

(ii) a Kahler metric gk (zero Ricci scalar)



Cohomogeneity-One Metrics

e M =R x G, where G is 3-dim isometry group.
g=dt> + hy(t) N O, j k=0,1,2,

where { N} is a basis of left-invariant one-forms on G.
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e Non-diagonal ASD metrics:
(Maszczyk-Mason-Woodhouse 1994, Maszczyk 1996)
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e ASD condition: (Penrose 1976, Mason-Woodhouse 1996)
There exists two functions fy, f; on M x CP* such that
the distribution

0 0
I = Voo — AVor + foa, m= Vig — AVir + fla

is integrable, i.e. [/, m] = 0 modulo /, m.

e Kahler condition: (Pontocorvo 1992, Hitchin 1995)
Ao + f (a quartic in \) has two distinct zeros of order 2.
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e [L, M] =0 implies that

tP, —i[R,P] = 0,
2iR; + t[P,P] = 0.



Bianchi V
P = po(t) Lo+ pi(t) L1 + pa(t) L2

R = r(t) Lo+ rn(t) L1 + ra(t) Lo,

where [Lo,L1] = L1, [Lo,L2] =Lz, [L1,L2]=0.
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d?r, dr
2k T 2 =0, k=1,2

Cf. 0,pn=0: ¢t
L P07£ , 1o dt2 dt

Bessel equation
rn = cth(t) + atYi(t), rn = cth(t)+ catYi(t)

p1 = i(ClJo(t) + Yo(t)), p2 = i(C3J0(t) -+ C4Y0(t))



Scalar-flat Kahler metric: g = Q%g

1
(dp? + p?dt?) + Gap(t)dx"dx®, AB=1,2
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Scalar-flat Kahler metric: g = Qg

1
8k (dp® + p*dt?) + Gag(t)dx"dx®, A B=1,2

T4

7T2t2 Y02 -+ Y12 _JO YO - J1 Y1
where - G(t) = 16 ( —hYo—hM S5+ )

Theorem [Dunajski, PP (2011)]

Any Bianchi V' ASD conformal structure which admits a
Kahler metric s.t. the group acts holomorphically can be
locally represented by a Bianchi V metric

g:el @El+e2®62,

1

where the one—forms e', e? are dual to

i
E =0 — E(foLo +nli +nl), E =plo+ pili+ poLs



Conclusions

e Construct ASD Bianchi V conformal classes, each of
which admits a Kahler metric.

» Obtain an explicit example of non-diagonal
non-conformally flat Bianchi V metrics in terms of
Bessel functions.

» The Kahler metric is not Bianchi V invariant.



