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Introduction

e The ‘fitting problem’ in cosmology, G. F. R. Ellis and W. Stoegert,
CQG 1987

e Inhomogeneity effects in Cosmology, G. F. R. Ellis, 2011 and other
contributions to the special issue of CQG

@ Gravitational Radiation in the Limit of High Frequency. Il. Nonlinear
Terms and the Effective Stress Tensor, R. A. Isaacson, PR 1968

@ The high frequency limit in general relativity, G. A. Burnett, JMP 1988

e A new framework for analyzing the effects of small scale
inhomogeneities in cosmology, S. R. Green, R. M. Wald, PRD 2011

e Inhomogeneity effect in Wainwright-Marshman space-times , SJS, K.
Gtod, M. J. Wyrebowski, A. Konieczny, PRD 2014
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Green—-Wald framework

° gé(,z) an averaged metric

o has(N) = gas(N) — 8 << 1
e A—=>0 = hyp—0
@ assumptions
@ forall A >0
Gab(8(A)) + Agan(A) = 87 Tap(A)

where for all A > 0 and all timelike vectors t?() (with respect to

8ab(N))
TN (M) tP(N) >0

@ 3 a smooth positive function C;(x)
lhab(A, x)| < AGi(X)
© 3 a smooth positive function Cy(x)
[Vehap(X, )| < G(x)
@ I a smooth tensor field fiapcger Such that
W-lim (Vahea(A)Vbher (1)) = Habeder
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Green—-Wald framework

Let A, 2,(\) be a one-parameter family of tensor fields defined for A > 0.

We say that A,, 5, ()\) converges weakly to B,, ,, as A — 0 if for all
smooth - of compact support, we have

||m /‘fal...anAalman()\) :/f‘al...anBalman

A—0

The weak limit of the Einstein equations

Gan(g®) + AglY) = 8r T + 8ty

a
tgg) - contribution from inhomogeneities

Theorem (Green, Wald)

Given a one-parameter family g,5(\) satisfying assumptions from the
previous slide, the effective stress energy tensor t‘gg) is traceless.
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Green-Wald example (vacuum) — polarized Gowdy T3
space-time
@ Examples of backreaction of small-scale inhomogeneities in cosmology,

S. Green, R. Wald, 2013
@ the metric (o = a(7,0), P = P(7,0), Q = Q(7,0))

g = eT9)2(—e?d7? + db?) + e [ePdo? + 2eP Qdods
+(eP Q% + e77)do?]

o the example, J, — Bessel functions
(Q =0, N — +oo corresponds to A — 0, N - a discrete parameter)
Py = A/VNJo(Ne™)sin(N6)
A2 —T A2N —27
ay = — 2e J1(Ne™")Jo(Ne™ ™) cos(2N6) — +

{[o(Ne™™)]2 + 21 (Ne ") — Jo(Ne™™)Jo(Ne ™)}

Sebastian Szybka (OA UJ) Inhomogeneity effect Spata 2014 5/8



our example — the Wainwright—Marshman solutions

@ the metric (m - a constant, n = n(u), n = n(u), u=1t— z),
g = t2me"(—dt? + dz?) + t'/2 (dx® + (t + w?)dy? + 2wdxdy) |

o the Einstein equations n’ = (w')?,

@ the energy momentum tensor (the weak energy condition holds for
m > —3/16)

1
—h— 3/16 t—2(m+1) —n
p="r 871'( +3/16) y

@ our example

. t—2Z 1 1. 2(t—2)
w = Asin X ,n—§<t—z+§)\smT>,
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An example — the Wainwright-Marshman solutions

@ the background metric
g(® = 2me” 7 (—dt? +dz)+t1/2(dx + tdy?) ,

@ the effective energy-momentum tensor

0 1 0
87Tta5b) = é {_/'Lccdede - :U’ c d e +2:qu € } ( )+ 2}“’ acbd
1 d 1 d 1 d
_Elucca bd + Z:“abc ed ~ Eﬂc(ab)c d

3 d 1 o
+—Mccab d— §HC abed >

(O B BN (B
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Summary

The problem of averaging is far from solved - but it is a problem that will
not go away. Smaller scale inhomogeneities may possibly cause observable
effects through dynamical backreaction, but this is a controversial
suggestion. Ultimately, we probably need a general relativistic simulation of
structure formation to resolve the issue of averaging.

G. F. R. Ellis
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