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Motivation
• Polymer quantization of geometry degrees of

freedom in LQC→ qualitative changes

of dynamics at Planck energies (big bounce).
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• Most works:only matter quantized polymerically, matter treated in

standard way.

• Consistency requires same treatment of geometry and matter:

• In many cases’matter’ represents geometry DOF(inhomogeneities in

hybird quantization).

• Often the frameworkmixes physical geometry and matter DOF

(nonminimal coupling in Einstein frame).

• Expectation:New quanitative changes to dynamics.
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The work
• Testing the expectations (the dynamics) and the framework constructions

on a simple model.

• The model:

• Flat FLRW (isotropic) universe with massless scalar field.

• Scalar field quantizedpolymerically.

• To distinguish polymer matter effectsthe geometry quantized via

geometrodynamics.

• Unexpected issue:viable construction of the correct separable Hilbert

space for the model.

• Issue critical to have dynamics with correct GR limit!

• Solution:Fiber integral Hilbert space
• Construction presented on example of polymer harmonic oscillator.
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Hilbert spaces in LQG & LQC
• In LQC basis of either kinematical or diff-invariant Hilbert space:

cyllindrical functions supported on the graphs - spin networks
• Disjoint graphs - mutually orthogonal.

• On each single graph:space is separable, but

• Continuum of graphs- nonseparability
• Lots of useful mathematical structure lost/

requires extension.

• In simplified QM models (i.e. LQC) the same situation.

• Example: Isotropic LQC –Hgr = L2(RBohr, dµBohr) ↔ Σ2(R).
• Discrete inner product -space nonseparable.
• In considered scenario(polymer scalar): following standard

constructions (shadow states) –nonphysical dynamics.

• Question:is there a natural construction of alternative – separable spaces?

• Goal: Providing such construction in simple QM models.
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(Loopy) harmonic oscillator
F. Barbero, J. Prieto, E. Villaseñor, 2013

• Classical theory:

• Canonical variables:q, p.

• Hamiltonian: H(q, p) = ~
2

2mℓ2 p
2 + mℓ2ω2

2 q2 .

• Weyl algebra: eiλq , eiσp .

• Polymer quantization:Analog of LQC quantization program.

• Roles ofq andp interchangeable.

• Equivalent of holonomy-flux algebra:eithereiλq or eiσp

• Choice: eiσp – almost periodic functions.

• Gel’fand spectrum(support ofH): Bohr compactification ofR.

• Hilbert space:H = L2(R̄, dµ) .

• Operators:̂q, êiσp, p̂ doesn’t exist!
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(Loopy) harmonic oscillator
• Analog of LQC regularization:Regularized quantum Hamiltonian

Ĥ = ~
2

8mq2oℓ
2 (2I − N̂2 − N̂−2) + mℓ2ω2

2 q̂ N = e−qop

• Action of the Hamiltonian:

• p -representation:Particle in periodic potential

[ĤΨ](p) = −mℓ2ω2

2 Ψ′′(p) + ~
2

2mq2oℓ
2 sin2(qop)Ψ(p), Ψ ∈ H

• q -representation:Ψ ∈ Σ2(R) a difference operator.

[ĤΨ](q) = −

~
2

8mq2
oℓ2

[Ψ(q + 2qo) − 2Ψ(q) + Ψ(q − 2qo)] + mℓ2ω2

2
qΨ(q)

• Treatment:exactly like system with periodic potential (std. quantization).

• Spectrum:Band structure (as for periodic pot.), but

• Eingenfunctionsexplicitly normalizablewrt Bohr measure –

Purely point spectrum!! - space nonseparable
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The “easy” solution
Corichi, Vukasinac, Zapata, 2007

Direct repetition of treatment in isotropic LQC.
• Observation:In q-rep.Ĥ is a difference operator.

• Sets preserved by action:Lǫ := 2qo(ǫ+ Z) ǫ ∈ [0, 1).

• Division ofH onto subspacesHǫ = H|Lǫ
.

• Hǫ preserved by observables→ superselection sectors.

• Idea:Restrict to a single sector.

• Hǫ areseparable.

• SpectrumSpǫ of Ĥ - isolated point spectrum.

• Unionof spectra reproduces the band structure
⋃
ǫ Spǫ = Sp(Ĥ)

• Problem:Sectorsget mixedas soon asqo becomes time dependent.

• Inhomogeneity modes in hybrid approach to inhomogeneous LQC.

• Polymer massless scalar field in FRW.
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The cosmological system
A. Kreienbuehl, TP, 2013

Flat FRW universe (geometrodynamics) with polymeric massless scalar field.

• Classical theory:

• Metric: ds2 = −N2(t)dt2 + a2(t)[dx2 + dy2 + dz2] .

• Variables: {a, πa} = 1 , {φ, pφ} = 1 a-oriented.

• Hamiltonian constraint:

H[N ] = N Vo|a|
3

24πG

(
12πG

(
pφ

Voa3

)2

−
(

4πGπa

Voa2

))

• Classical deparametrization:Scalar evolving wrt scale factor.

t = v ∝ a3

−pt = Hs :=
∣∣pφ

t

∣∣
• Scalar field of time-dependent kinetic term evolving in “oriented

volume” time.

– p. 8



Cosm. system: quantization
Deparametrization on the classical level implicitly implies Wheeler-DeWitt

quantization of the geometry degrees of freedom.

• Polymer quantization of the scalar field:

direct analog of the one for oscillator.

• Quantum counterparts of Wayl algebra elements always exist

N̂(λ) := eλpφ Ŝ(σ) := eσφ

Only one of operatorŝφ, p̂φ exists!

• Hilbert space:L2(R̄, dµ) - Bohr compact.Nonseparable

• Two inequivalent (dual) choices:(momentum and configuration rep.)

• The momentum rep:basic operators are momentum and boost:

p̂φ , Ŝ(σ) := eσφ

Lewandowski, Domagała, Dzieńdzikowski, 2011
• In both WDW and LQC (for massless field) results sameas for

Schrödinger quantization.
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Cosm. system: quantization (2)
Our choice, the second prescription:the configuration representation:

Hossain, Husain, Seahra, 2010

• Basic operators:field and shift:

φ̂ , N̂(λ) := eλpφ

• Evolution: Schrödinger equation (Hamiltonian regularized)

i∂tΨ = ĤΨ = i
2tλ [N(λ) −N−1(λ)]Ψ

• Consistency:invariance wrt. change of the (infrared regulating) fiducial

cell impliestime-dependent polymerization scale:

λ = λo/|t|

• At given instant of time one can introduce the superselection sectors

supported on “lattices” preserved by action ofĤ(t), but lattice spacing is

time-dependent.

• Evolution mixesthe “instantaneous” superselection sectors.
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Cosm. system: evolution
• Evolution:

• p̂φ does not exist butpφ can be still used as a coordinate

• in momentum representation Schrödinger equation becomes

pφ-parametrized ODE.

• The solution:

Ψ(t, pφ) = ei(F (t,pφ)−F (to,pφ))Ψ(to, pφ)

F (v, pφ) := v [sin(pφ/v) − (pφ/v)Ci(pφ/v)]

• Not an almost periodic function!

• Shadow state formalism:Ashtekar, Fairhurst, Willis, 2003
• Take dual space and adjoint of̂H.

• Project onto basis of almost periodic f.(ΨĤψ〉

• The trajectory:evaluating expectation values

φ(t) = 〈φ̂〉(t) = φ(to)

• Naive evolution frozen:Inconsistent with GR!
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Hilbert sp.: the proposal
Back to loop quantum harmonic oscillator.

• Observationfor the case of Schrödinger quantization of a particle in

periodic potentials:

• There exists a fiber bundle decomposition ofH onto Hilbert spaces

Hǫ of functions supported onLǫ.

“ H =
∫

dσ(ǫ)Hǫ ”

• In loop quantization:We no longer have the decomposition but we still

have the “single fibers” – spaces corresponding to each single

superselection sector.

• Idea:Build back a Hilbert space out of superselection sector subspaces.

• Construct a Hilbert space for which the subspacesHǫ will be

elements of a fiber bundle decomposition.
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Hilbert sp.: the construction
F. Barbero, TP, E. Villaseñor, 2014

• Motivation: Structure of self-adjoint extensions for flat FRW with+ve

cosmological constant in LQC.W. Kamiński, J. Lewandowski, TP, 2009

• Construction:

• Hǫ separable

• Lebesgue measureon the set of supersel. sect. labelsǫ.

• Can build an “integral over sectors”.

H̃ :=
∫
[0,1)

dǫHǫ 〈Ψ|Ψ′〉H̃ =
∫
[0,1)

〈Ψǫ|Ψ
′
ǫ〉Hǫ

Ψǫ := Ψ|Lǫ

• Properties:

• H̃ is separable.

• The spectrum of̂H has the same band structure, but now ispurely

continuous.

• Result:loop harmonic oscilator looks like a particle in periodic potential.
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Application to our system
We apply the integralH construction to retrieve the correct dynamics

• Instantaneous superselection sectors:

φ ∈ Lǫ = λo(ǫ+ Z)/|v|

• The spaces:Hǫ(v): restr. to functions supported onLǫ (at givenv).

• The integral space:H̃ :=
∫ 1

0
Hǫ(v)M(ǫ, v)

• Inner product:integral over IP of “fibers”

〈Ψ|Ψ′〉 =
∫

Ψ̄(v, φ)Ψ′(v, φ)M(v, ǫ(φ))/λ(v)dφ

• Time dependence ofM fixed by requirement of unitarity of evolution.

• Final result:Space unitarily equivalent to

H̃ ≡ L2(R, dφ)

• Dynamics:evaluating againφ(t) = 〈φ̂〉(t)

• trajectory regular atv = 0 and approaching GR at largev
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Cosm. system: the dynamics
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Conclusions
• The polymer quantization (used in LQC) can be easily extended to matter

fields. (already known).

• For scalar field: there are several ambiguities in implementing the

quantization.

• One of choices (regularized momentum) applied to flat FRLW universe

with massless scalar field (Schrödinger quantum geometry) leads to a

significant modifications of dynamics near the classical singularity.

• The trajectory becomes regular (finite〈φ(t)〉 atv = 0).

• Deterministic(unique)extensionof the dynamics pastv = 0.

• Retrieved thecorrect GR limitat low energy scales.

• In the process we have to abandon standard construction of a Hilbert

space

• Convenientconstruction of a separable spaceas a “fiber integral”,

applicable to LQC and beyond.
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