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Some History on Hamiltonian General Relativity
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Dirac 1958-1959
1978 Nelson/Teitelboim: Dirac field
2009 Barausse/Racine/Buonanno: spinning test particles in “Kerr”

Arnowitt/Deser/Misner 1959-1960
1961 Kimura: 1PN
1974 Ohta/Okamura/Kimura/Hiida: 2PN (in part)
1985 Damour/GS: 2PN; GS: 2.5PN
1997 Jaranowski/GS: 3.5PN
2001 Damour/Jaranowski/GS: 3PN
2009 Steinhoff/GS: self-gravitating spinning particles
2014 Damour/Jaranowski/GS: 4PN

Schwinger 1963
1963 Kibble: Dirac field

Refinements
DeWitt 1967; Regge/Teitelboim 1974
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Spin in Minkowski Space
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el. charged particle with spin (m, e, S)

dpµ

dτ
= eFµνuν

ηµν
dwν

dτ
= g

e

2m
Fµνwν + (g − 2)

e

2m2
Fλνuλwνpµ

uµ = dxµ

dτ , −uµuµηµν = 1, pµ = muµ, −pµpνηµν = m2

wµwνηµν = m2S2, pµwµ = 0
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w0 = P · J = P · Ŝ

w = HJ + P×K = HŜ− 1
H+mP× (Ŝ×P)

wµ =
1
2
εµναβPνJαβ Jkl = εklmJm J0i = Ki

wµwµ ≡ −(w0)2 + w2 = m2Ŝ2
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canonical variables

total angular momentum: J = X̂×P + Ŝ

Lorentz boost: K = −tP + HX̂− 1
H+m Ŝ×P

Hamiltonian: H =
√

m2 + P2

center-of-energy: X̄ = X̂− 1
(H+m)H Ŝ×P

K = −tP + HX̄
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Poincaré algebra

{Pi,H} = {Ji,H} = 0

{Ji, Pj} = εijk Pk , {Ji, Jj} = εijk Jk

{Ji, Gj} = εijk Gk

{G,H} = P

{Gi, Pj} = 1
c2 H δij

{Gi, Gj} = − 1
c2 εijk Jk

Lorentz boost: K = −t P + G

dK/dt = ∂K/∂t + {K,H} = −P + {G, H} = 0
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various centers: X(∗), X̄(−), X̂(+)*

+
–

Steinhoff: Canonical Formulation of Spin in General Relativity,

Ann. Phys. (Berlin) 523, 296 (2011) [arXiv:1106.4203]
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center-of-spin: X̂; {X̂i, X̂j} = 0 (Newton-Wigner coordinates)

center-of-energy: X̄ = X̂− 1
(H+m)H Ŝ×P

center-of-inertia: X = X̂ + 1
(H+m)m Ŝ×P

center-of-inertia: SµνPν = 0

center-of-energy: S̄µνnν = 0, nµ = (−1, 0, 0, 0)

center-of-spin: mŜµνnν + ŜµνPν = 0

minimal radius of particle with spin: Ŝ
mc

Compton wavelength: 2~/2
mc

radius of Kerr ring singularity (Boyer-Lindquist coordn.): Ŝ
mc

Schwarzschild radius (Schwarzschild coordn.): 2Gm
c2

11



quantum massless particle

helicity: λ~ = P·Ŝ
H

X̄ = X̂− 1
H2

Ŝ×P

J = X̄×P + λ~
P
H

X̄× X̄ = iλ~2 ∂

∂P
1
|P|

∆X̄k∆X̄l ≥ |λ|
2
~2| < Pm/H3 > |, k 6= l 6= m

(∆X̄)2 ≥ |λ|~2 < H−2 >
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many particle systems with interaction

P =
∑

a

pa

J =
∑

a

(ra × pa + sa)

M =
√

H2 −P2, H =
√

M2 + P2

X̂ =
G
H

+
1

M(H + M)
(J− G

H
×P)×P

{X̂i, X̂j} = {P i, P j} = 0, {X̂i, P j} = δij

{M, X̂j} = {M,P j} = {M, H} = 0
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free particles with spin:

H =
∑

a

ha, ha =
√

m2
a + p2

a

G =
∑

a

(hara − 1
ha + ma

sa × pa)

Schwinger: Particles, Sources and Fields I, 1998
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Spin and Gravitation
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tetrad field eµ
a : eµ

aebµ = ηab, eaµebνηab = gµν = gνµ

local LT: e′µa = Lb
aeµ

b , La
cηabL

b
d = ηcd

linear connection ωab
µ : Dµφ ≡ ∂µφ + 1

2ωab
µ G[ab]φ

local LT: ω′ab
µ = La

cL
b
dω

cd
µ + La

d∂µLbd, ∂µ ≡ ∂
∂xµ

inf. local LT: δφ = δξabG[ab]φ

curvature tensor Rab
µν : DµDνφ−DνDµφ = Rab

µνG[ab]φ

Rab
µν = ∂µωab

ν − ∂νωab
µ + ωac

ν ωbd
µ ηcd − ωac

µ ωbd
ν ηcd
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Lagrangian for gravity

LG =
1

16π
det(ec

γ)eµ
aeν

b Rab
µν(ω) + ∂µCµ

vacuum Einstein equations:

0 =
δLG

δeµ
a

eaν ≡ 2det(ec
γ)(Rµν − 1

2
gµνR)

0 =
δLG

δωab
µ

⇒ ωab
µ = ωab

µ (e, ∂νe) no torsion !
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Lagrangian for spinning objects

LM =
∫

dτ

[(
pµ − 1

2
Sab ω ab

µ

)
dzµ

dτ
+

1
2
Sab

dθab

dτ

]
δ(4)

LC =
∫

dτ

[
λa

1pbSab + λ2[i]Λ[i]apa − λ3

2
(p2 + m2)

]
δ(4)

dθab = Λ a
C dΛCb = −dθba
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equations of motion

DSab

Dτ
= 0

Dpµ

Dτ
= −1

2
R(4)

µρabu
ρSab

uµ ≡ dzµ

dτ
= λ3p

µ

√−gTµν =
∫

dτ

[
λ3p

µpνδ(4) +
(

u(µSν)αδ(4)

)

||α

]
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Self-Gravitating Spinning Objects: Canonical

Steinhoff/GS: Europhys. Lett. 87:50004 (2009)

Steinhoff: Ann. Phys. (Berlin) 523, 296 (2011)
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xit
t+ dt

dxi = �N idt
Ndt

xi
3+1 splitting of spacetime nµ = (1,−N i)/N

nµ = (−N, 0, 0, 0)

nµ

gij Kij

Kij = −NΓ0
ij = −Ng0µ(giµ,j + gjµ,i − gij,µ)/2

ds2 = −(Ncdt)2 + gij(dxi + N icdt)(dxj + N jcdt)

21



W =
1

16π

∫
d4xπij

cangij,0 +
∫

dt

[
Pi

˙̂zi +
1
2
Ŝ(i)(j)

˙̂
θ(i)(j) −H

]

H =
∫

d3x(NH−N iHi) +
c4

16πG

∮

i0
d2si(gij,j − gjj,i)

N |i0 = 1 +O(1/r), N i|i0 = O(1/r)

If the constraints H ≡ √
γ(Tµν − c4

8πGGµν)nµnν = 0 and
Hi ≡ √

γ(Tµ
i − c4

8πGGµ
i )nµ = 0 are fulfilled and adapted coordinate

conditions are applied, then

H =
c4

16πG

∮

i0
d2si(gij,j − gjj,i) ≡ HADM[πijTT

can , hTT
ij , Pi, ẑ

i, Ŝ(i)(j)]

W =
1

16π

∫
d4xπijTT

can hTT
ij,0 +

∫
dt

[
Pi

˙̂zi +
1
2
Ŝ(i)(j)

˙̂
θ(i)(j) −HADM

]
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solution of the matter constraints

nµ = (1,−N i)/N, nµ = (−N, 0, 0, 0)

λ3 : np ≡ nµpµ = −
√

m2 + γijpipj γikgkj = δi
j

λ1 : nSi ≡ nµSµi =
pkγkjSji

np
= gijnSj

λ2 : Λ[j](0) = Λ[j](i) p(i)

p(0)
, Λ[0]a = −pa

m
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time gauge for the tetrads

eµ
(0) = nµ, e0

(0) =
1
N

, ei
(0) = −N i

N

gij = e
(m)
i e(m)j

LMC = −NHmatter + N iHmatter
i

Hmatter = −npδ −Kij pinSj

np
δ − (nSkδ);k

Hmatter
i = (pi + KijnSj)δ +

(
1
2
γmkSikδ + δ

(k
i γl)m pknSl

np
δ

)

;m
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transformation to canonical matter variables

zi = ẑi − nSi

m− np
, nSi = −pkγkjŜji

m

Sij = Ŝij − pinSj

m− np
+

pjnSi

m− np

λ[i](j) = λ̂[i](k)

(
δkj +

p(k)p
(j)

m(m− np)

)
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Pi = pi + KijnSj + Âkle(j)ke
(j)
l,i −

(
1
2
Skj +

p(knSj)

np

)
Γkj

i

gikgjlÂ
kl =

1
2
Ŝij +

mp(inSj)

np(m− np)

SabSab = Ŝ(i)(j)Ŝ(i)(j) = 2Ŝ(i)Ŝ(i) = 2s2 = const

λ̂
(i)
[k]λ̂

[k](j) = δij

dθ̂(i)(j) ≡ λ̂
(i)
[k]dλ̂[k](j) = −dθ̂(j)(i)
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adding Lagrangian of gravity

L̂MK = Pi
˙̂ziδ +

1
2
Ŝ(i)(j)

˙̂
θ(i)(j)δ

L̂GK = Âije(k)ie
(k)
j,0 δ

L̂GK + LG =
1
8π

[πij + 8πÂijδ]e(k)ie
(k)
j,0 + LGC − 1

16π
Ei,i

Ei = gij,j − gjj,i

total energy: E = 1
16π

∮
d2si Ei = 1

16π

∫
d3x Ei,i
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LGC = −NHfield + N iHfield
i

Hfield = − 1
16π

√
γ

[
γR +

1
2

(
gijπ

ij
)2 − gijgklπ

ikπjl

]

Hfield
i =

1
8π

gijπ
jk

;k

πij =
√

γ(γijγkl − γikγjl)Kkl γ ≡ det(gij)
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spatially symmetric time gauge for the tetrads

e(k)ie
(k)
j,µ = Bkl

ij gkl,µ +
1
2
gij,µ

e(i)j = eij = eji

eijejk = gik eij =
√

(gkl)

2Bij
kl = emk

∂eml

∂gij
− eml

∂emk

∂gij

πij
can = πij + 8πÂ(ij)δ + 16πBij

klÂ
[kl]δ
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spacetime-coordinates conditions

3gij,j − gjj,i = 0, πii
can = 0

gij = Ψ4δij + hTT
ij , πij

can = π̃ij
can + πijTT

can

transverse traceless: hTT
ii = πiiTT

can = hTT
ij,j = πijTT

can,j = 0

π̃ij
can = V i

can,j + V j
can,i −

2
3
δijV

k
can,k

constraints: Hfield +Hmatter = 0, Hfield
i +Hmatter

i = 0
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total action in canonical form

W =
1

16π

∫
d4xπijTT

can hTT
ij,0 +

∫
dt

[
Pi

˙̂zi +
1
2
Ŝ(i)(j)

˙̂
θ(i)(j) − E

]

Hamiltonian:E ≡ HADM = − 1
2π

∫
d3x ∆Ψ[ẑi, Pi, Ŝ(i)(j), h

TT
ij , πijTT

can ]

{ẑi, Pj} = δij , {Ŝ(i), Ŝ(j)} = εijkŜ(k)

{hTT
ij (x, t), πklTT

can (x′, t)} = 16πδTTkl
ij δ(x− x′)
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Spin-Gravity Hamiltonians (changed notations!)

leading order spin-orbit

HLO
SO =

G

c2

∑
a

∑

b6=a

1
r2
ab

(Sa × nab) ·
[

3mb

2ma
pa − 2pb

]

leading order spin(1)-spin(2)

HLO
S1S2

=
G

c2

∑
a

∑

b6=a

1
2r3

ab

[3(Sa · nab)(Sb · nab)− (Sa · Sb)]

leading order spin(1)-spin(1)

HLO
S2
1

=
G

c2

m2CQ1

2m1r3
12

[3(S1 · n12)(S1 · n12)− (S1 · S1)]
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HNLO
SO =

G

c4r2

[
− ((p1 × S1) · n12)

[
5m2p2

1

8m3
1

+
3(p1 · p2)

4m2
1

− 3p2
2

4m1m2
+

3(p1 · n12)(p2 · n12)
4m2

1

+
3(p2 · n12)2

2m1m2

]

+ ((p2 × S1) · n12)
[
(p1 · p2)
m1m2

+
3(p1 · n12)(p2 · n12)

m1m2

]

+ ((p1 × S1) · p2)
[
2(p2 · n12)

m1m2
− 3(p1 · n12)

4m2
1

]]

+
G2

c4r3

[
− ((p1 × S1) · n12)

[
11m2

2
+

5m2
2

m1

]

+ ((p2 × S1) · n12)
[
6m1 +

15m2

2

]]
+ (1 ↔ 2)
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HNLO
S1S2

= (G/2m1m2c
4r3)[3((p1 × S1) · n12)((p2 × S2) · n12)/2

+ 6((p2 × S1) · n12)((p1 × S2) · n12)

− 15(S1 · n12)(S2 · n12)(p1 · n12)(p2 · n12)

− 3(S1 · n12)(S2 · n12)(p1 · p2) + 3(S1 · p2)(S2 · n12)(p1 · n12)

+ 3(S2 · p1)(S1 · n12)(p2 · n12) + 3(S1 · p1)(S2 · n12)(p2 · n12)

+ 3(S2 · p2)(S1 · n12)(p1 · n12)− 3(S1 · S2)(p1 · n12)(p2 · n12)

+ (S1 · p1)(S2 · p2)− (S1 · p2)(S2 · p1)/2 + (S1 · S2)(p1 · p2)/2]

+ (3/2m2
1r

3)[−((p1 × S1) · n12)((p1 × S2) · n12)

+ (S1 · S2)(p1 · n12)2 − (S1 · n12)(S2 · p1)(p1 · n12)]

+ (3/2m2
2r

3)[−((p2 × S2) · n12)((p2 × S1) · n12)

+ (S1 · S2)(p2 · n12)2 − (S2 · n12)(S1 · p2)(p2 · n12)]

+ (6G2(m1 + m2)/c4r4)[(S1 · S2)− 2(S1 · n12)(S2 · n12)]
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HNLO
S2
1

=
G

c4r3

[
m2

m1

((
− 21

8
+

9
4
CQ1

)
p2

1 (S1 · n)2

+
(

15
4
− 9

2
CQ1

)
(p1 · n) (S1 · n) (p1 · S1)

+
(
− 5

4
+

3
2
CQ1

)
(p1 · S1)

2 +
(
− 9

8
+

3
2
CQ1

)
(p1 · n)2 S2

1

+
(

5
4
− 5

4
CQ1

)
p2

1S
2
1

)
+

1
m2

1

(
− 15

4
CQ1 (p1 · n) (p2 · n) (S1 · n)2

+
(

3− 21
4

CQ1

)
(p1 · p2) (S1 · n)2

+
(
− 3

2
+

9
2
CQ1

)
(p2 · n) (p1 · S1) (S1 · n)
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+
(
− 3 +

3
2
CQ1

)
(p1 · n) (p2 · S1) (S1 · n)

+
(

3
2
− 3

2
CQ1

)
(p1 · S1) (p2 · S1) +

(
3
2
− 3

4
CQ1

)
(p1 · n) (p2 · n) S2

1

+
(
− 3

2
+

9
4
CQ1

)
(p1 · p2) S2

1

)
+

CQ1

m1m2

(
− 3

4
p2

2S
2
1 +

9
4
p2

2 (S1 · n)2
)]

+
G2m2

c4r4

[(
2 +

1
2
CQ1 +

m2

m1
(1 + 2CQ1)

)
S2

1

−
(

3 +
3
2
CQ1 +

m2

m1
(1 + 6CQ1)

)
(S1 · n)2

]

black holes: CQ1 = 1, neutron stars: CQ1 > 1
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Hmatter = m1δ1 + Hmatter
S2

1 ,p1i=0 +
1

2m1
p1 · (S1 × ∂1) δ1 + (1 ↔ 2)

Hmatter
i = p1iδ1 +

1
2

(S1 × ∂1)i δ1 + (1 ↔ 2)

Hmatter
S2

1 ,p1i=0 =
[ (

1
2
γkiγljQ1ijδ1

)

;kl

+
1

4m1

(
γijγmnγkl

,mS1lnS1jkδ1

)
,i

+
1

8m1
gmnγpjγqlγmi

,pγ
nk

,qS1ijS1klδ1

]

Q1ij =
CQ1

m1

(
γklS1ikS1jl − 1

3
gijγ

klγmnS1kmS1ln

)
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SO

NLO: Tagoshi/Ohashi/Owen(’01), Faye/Blanchet/Buonanno(’06),

Damour/Jaranowski/GS(’08), Steinhoff/Hergt/GS(’08), Levi(’10), Porto(’10)

NNLO: Hartung/Steinhoff(’11), Marsat/Bohé/Faye/Blanchet(’13)

DLO: Wang/Will(’07), Steinhoff/Wang(’10)

S1S2

NLO: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’06,’08,’10), Levi(’10)

NNLO: Hartung/Steinhoff(’11), Levi(’12)

DLO: Zeng/Will(’07), Wang/Steinhoff/Zeng/GS(’11)

S1S1

NLO[black holes]: Steinhoff/Hergt/GS(’08), Porto/Rothstein(’08,’10)

NLO[neutron stars]: Porto/Rothstein(’08,’10), Steinhoff/Hergt/GS(’10)
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NLO center-of-mass:

GNLO
SO = −

∑
a

P2
a

8m3
a

(Pa × Sa)

+
∑

a

∑

b6=a

mb

4marab

[
((Pa × Sa) · nab)

5xa + xb

rab
− 5(Pa × Sa)

]

+
∑

a

∑

b6=a

1
rab

[
3
2
(Pb × Sa)− 1

2
(nab × Sa)(Pb · nab)

− ((Pa × Sa) · nab)
xa + xb

rab

]

GNLO
S1S2 =

1
2

∑
a

∑

b6=a

{
[3(Sa · nab)(Sb · nab)− (Sa · Sb)]

xa

r3
ab

+(Sb·nab)
Sa

r2
ab

}
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Summary of known Hamiltonians

Hcon = HN + H1PN + H2PN + H3PN + H4PN

+ HLO
SO + HLO

S1S2
+ HLO

S2
1

+ HLO
S2

2

+ HNLO
SO + HNLO

S1S2
+ HNLO

S2
1

+ HNLO
S2

2

+ HNNLO
SO + HNNLO

S1S2

Hdiss(t) = H2.5PN (t) + H3.5PN (t)

+ HDLO
SO (t) + HDLO

S1S2
(t)
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Applications
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Leading-order spin-orbit coupling:

HSO = 2G
c2R3 (S · L) + 3GM1M2

2c2R3 (b · L)

S ≡ S1 + S2, b ≡ S1
M2

1
+ S2

M2
2
, L ≡ R×P, P ≡ P1 = −P2

Leading-order spin-spin coupling:

HSS = G
2c2R3 ( 3(S·R)(S·R)

R2 − (S · S))
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S2 S1

H

M2

M1
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Lense-Thirring effect:

Runge-Lenz-Laplace vector: A ≡ P× L− GMµ2

R R

< (dL
dt )SO >t= ΩSO × L

< (dA
dt )SO >t= ΩSO ×A

ΩSO = 2G
c2 < 1

R3 >t (Seff − 3 (L·Seff )L
L2 ), Seff ≡ S + 3

4M1M2b

LAGEOS(1&2): 31 mas/yr (1× 10−1, Ciufolini 2007)
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Schiff effect (Lense-Thirring for spin, frame dragging):

(dS1
dt )SS = ΩSS × S1, ΩSS = G

c2R3 (3 (R·S2)R
R2 − S2)

GP-B: 39 mas/yr (2× 10−1, Everitt et al. 2011)

de Sitter effect (Fokker effect, geodetic precession):

(dS1
dt )SO = Ωs

SO × S1, Ωs
SO = 2G

c2R3 (1 + 3M2
4M1

)L

L = M1M2
M1+M2

R×V

Earth-Moon: 19 mas/yr (2× 10−2, Shapiro et al. 1988)

GP-B: 6, 606 mas/yr (3× 10−3, Everitt et al. 2011)

The Binary Pulsar PSR B1913+16 (Hulse-Taylor Pulsar)
The Double Pulsar PSR J0737-3039B
Kramer: Relativistic Spin-Precession in Binary Pulsars [arXiv:1008.5032]

45



Some History on Spin in General Relativity
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Quantum Spin (Electron)

1928 - 1929: Tetrode, Weyl, Fock

1932 - 1933: Schrödinger, Infeld/van der Waerden

1950: Weyl

1962 - 1963: Dirac, Kibble

1978: Nelson/Teitelboim

Classical Spin

1937: Mathisson

1951 - 1959: Papapetrou, Pirani, Tulczyjew

1964 - 1975: Taub, Dixon, Bailey/Israel

1975 - 1995: Barker/O’Connell, D’Eath, Thorne/Hartle, Kidder

2001 - 2011: as of above plus Barausse/Racine/Buonanno
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