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How CYK tensors appear in GR?

e Geometric definition of the asymptotic flat spacetime: strong asymptotic flatness,
which guarantees well defined total angular momentum

e Conserved quantities — asymptotic charges (.#, i")

e (Quasilocal mass and “rotational energy” for Kerr black hole

Spacetimes possessing CYK tensor:
e Minkowski (quadratic polynomials)
e (Anti)deSitter (natural construction)
e Kerr (type D spacetime)

e Taub-NUT (new symmetric conformal Killing tensors)

Other applications:
e Symmetries of Dirac operator

e Symmetries of Maxwell equations
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Conformal Yano—Killing tensors

Let (), be a skew-symmetric tensor field. Contracting the Weyl tensor WHYEA with @ ., We obtain a
natural object which can be integrated over two-surfaces. The result does not depend on the choice of
the surface if (), fulfills the following condition introduced by Penrose

Qo) — Qu(rio) T Nopn Q5 =0, (1)
one can rewrite equation (1) in a generalized form for n-dimensional spacetime with metric g,,,.:

3

Q)\(m;a) - Qm()\;o) + mga[)\@m]éﬁ =0 (2)
or in the equivalent form:
2
Q)\KJ;J + QO‘KL;)\ — m (gO'AQVHL;I/ + gm(AQJ)M;,u> . (3)
Let us define
2
(Qa g) = Q)\h;;a + QJK;;A - m (.QJAQVK;;I/ + gm(AQa)“;u) (4)

Definition 1. A skew-symmetric tensor (), is a conformal Yano—Killing tensor (or simply CYK
tensor) for the metric g iff (Q,9) =0.
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Other definitions of CYK tensors known also as Conformal Killing forms or Twistor forms:

A more abstract way with no indices of describing a CYK tensor can be found in literature: Moroianu,

Semmelmann or Stepanow, where it is considered as the element of the kernel of the twistor operator

Q — ,Em'stQ

defined as follows:

VX ToiwQ(X) = VxQ - %XJdQ " g(X) N d*Q.

+1 n—p+1
( is a differential p-form on n-dimensional Riemannian manifold.

However, to simplify the exposition, we prefer abstract index notation which also seems to be more
popular.
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The CYK tensor is a natural generalization of the Yano tensor with respect to the conformal rescalings.
More precisely, for any positive scalar function €2 > 0 and for a given metric g, we obtain:

(Q,9) =0720,,..(2°Q,Q2%). (5)

The formula (5) and the above definition of CYK tensor gives the following
Theorem 1. If ()., is a CYK tensor for the metric g,,,, than Q°Q),,,, is a CYK tensor for the

conformally rescaled metric ) v

It is interesting to notice, that a tensor A, — a “square” of the CYK tensor (),,,, defined as follows:
Auu = QMAQ)\V
fulfills the following equation:
A = g A ith A, = ——Q, Q) 6
(nvir) = J(prvik) wit K — QO Q)\ ;0 (6)

which simply means that the symmetric tensor A,,,, is a conformal Killing tensor. This can be also
described by the following

Theorem 2. If Q). is a skew-symmetric conformal Yano—Killing tensor than A, := Q) MAQ Av IS a
symmetric conformal Killing tensor.
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Remark CYK tensor is a solution of the following conformally invariant equation (n = dim M = 4):

<D+ R)Q—— (o

R := R,,g"" —scalar curvature, R,,, — symmetric Ricci tensor.

Moreover, if () is a CYK tensor and the metric is Einstein then

KV .= Q’M. A\
1s a Killing vector field.
More precisely, one can show
n—1 -
Ky = 5 Ro(u@u)

which always implies K*.,, = 0 and the following
Theorem 3. If g3 is an Einstein metric, i.e. R, = Ag,., then K" is a Killing vector field.
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Integrability condition

: o o 2 1 n—4
Q)x/-@"uu +R m)\,uQua + QO'K,R AT mg(I@;A) + mgmfu;u — v'uQ,um)\ — n — 1€m;A . (7)
For n = dim M = 4 eq. (7) implies the following equation for a CYK tensor Q:
VMV/LQN{ — RUIO\MQJM - RO’[I@Q)\]O- (8)

It is interesting to point out that for compact four-dimensional Riemannian manifolds we have the
following

Theorem 4. Let M be a compact (without boundary) four-dimensional Riemannian manifold; then a
two-form Q) is a CYK tensor iff

VMVMQA/@ — RO.K)\[LQO'ILL + RO‘[)\QH]U .
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Proof. We need to show that equation (8) implies Q.. (@, g) = 0.

We derive
2 1 v o 1 o W o [72%
gf(u;k) + §QMA£ v Ra(,uQA) + §V Q}\O‘,LL = Oa 4£ m +V Ql/aug = 0,
which together with
2§M;M — QAH;A/{ . QAK;/{A _ 2QK)O’R0_,{ -0
and (7) gives

o o | R
VHVMQ)\,.; + R K,)\,LLQMO' + RO’[H&Q}\] — V'MQ/,LH)\ + §V QHO’)\ .

Contracting the above equality with () and assuming equation (8) we get
. 7 1 o KA . I KA m VR
0=V Q,u/@)\ + §v Q)\O’fi Q — V Q,umAQ - Q,U,K/Av Q

K 1 K
— vu (QumAQ A) + §Q>\I<,,U,Q>\ "
Finally, we integrate the above formula over M, a total divergence drops out, and the integral

/ v/ det gQxn, QM vanishes. This implies Q*** = 0.
M

A similar result holds for a p-form () in 2p-dimensional M.
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Let us restrict ourselves to four-dimensional manifold (n = 4). The Hodge-dual of (),,,, defined as

follows

1

*QrA = 5510\“”@,&1/

gives also a two-form. Multiplying CYK equation

2

Q)\H;O' + QU/{;X — m (ga)\Kﬁ - gm()\Ka)>
by %50‘5”\“ we get:
2 1 .

*Qaﬁ;a — §ga[o¢XB] + gsaﬁanK ; (12)
where x,, = *Q" ., and K,, = Q" ,,.,. Multiplying the above equality by %eﬂwo‘ﬁ , we obtain a similar
formula:

2 1 3
Q;u/;a — gga[usz] - gg,uyoﬁx . (13)
Finally, symmetrization of indices « and o in (12) gives:
2
*Qa[o’;a + *Qoﬁ;a — g (gaozX,B — gﬁ(aXa)) )

which implies the following
Theorem S. (), is a CYK tensor iff x(),,, is a CYK tensor.
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In particular, it implies that Einstein manifolds possessing non-trivial CYK tensors should admit two
Killing fields K, = Q" ., and x,, = *Q" ,.,,. They sometimes vanish which simply means that CYK
tensor or its dual is a usual Yano tensor.

For any two-form () ,,,, we have the following identity:

2
Vi (WHAPQ,5) = gwuw Qusx - (14)

More precisely,
Va (W Qag) = Va (W) Qag + WV (Qap)

and first term vanishes for spin-2 field W, but the second one equals to right-hand side of (14) because
of the symmetries of 1. This implies that for any CYK tensor (), we have

/ WMVAKQ)\mdS,UJV — / (WMVAKQAK});VdZ'U, —
ov |4

- / (W}W)\H;VQAR + WWMRQN%;V)dZM =0.
V
The above equality implies that the flux of the quantity W#***(Q,,, through any two closed

two-surfaces S and Ss is the same if there is a three-volume V' between them (i.e. if OV = S; U S5).
We define the charge corresponding to the specific CYK tensor () as the value of this flux.
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Spin-2 field

Let us start with the standard formulation of a spin-2 field W, s in Minkowski spacetime equipped
with a flat metric 7),,,, and its inverse n**”. The field W' can be also interpreted as a Weyl tensor for
linearized gravity.

Definition 2. The following properties:
W,uoa/ﬁ — Wuﬁua — W[,ua][yﬁ]a W,u[ow,B] — 07 UW/W,MOWB =0 (15)
can be used as a definition of spin-2 field W'.

The x—operation defined as

* 1 124 * 1 124
(Wagrs = 5eapuW s, (W agys = 5 Wap™ ey
has the following properties:
* * 1 Voo * * ok [k * *
C"W*)apys = Zsame’“‘ PO pons, W =W*, *(CW) ="W*=-W,

where €, 18 a Levi—Civita skew-symmetric tensor and *W is called dual spin-2 field.

The above formulae are also valid for general Lorentzian metrics.
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Moreover, Bianchi identities play a role of field equations and we have the following

Lemma 1. Field equations
ViuxWnap =0 (16)

are equivalent to

VEWvag =0 or ViX"Wyas =0 or VEW,05 =0.

The equations in the above Lemma are also valid for any Ricci flat metric and its Weyl tensor.
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Spin-2 field + CYK tensor — Maxwell field

Let us define a skew-symmetric tensor

F,uV(W; Q) = WMVA/{QAK ) (17)

where W is the spin-2 field and () is the CYK tensor.

Theorem 6. For any spin-2 field W satisfying field equations (16) and any CYK tensor () in four-dimensional
spacetime the skew-symmetric tensor I, (two-form F') defined by (17) fulfills vacuum Maxwell equations i.e.

dF = 0=dF* <= V,\F'*"'=0=V,F",
where F*H* = Tl

Proof. This is a simple consequence of the spin-2 field equations and the definition of CYK tensor. More
precisely, we have

0= Vx (WasQ*") = VAP (W,Q), (18)
so half of Maxwell equations are proved. Moreover,
F*MA(W, Q) _ *WuAaﬁQa,B — W*ukaﬂQaﬂ (19)

= W“AaﬁQ*aﬁ = FMA(Wa Q*)

and if () is a CYK tensor than Q™ is also a CYK tensor hence from (18) and (19) we get the second half of
Maxwell equations:
0= VAF* W, Q) = VAF " (W, Q) . ]
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For the special case of the flat four-dimensional Minkowski spacetime (g, = Muv, n = 4) the general CYK

tensor assumes the following form in Cartesian coordinates (" ):
1% 1% 174 1% K 1 v v
Q" = ¢" + 2ulta — M vt — 5!{:“ ax + 265N My (20)

where ¢"", k*” are constant skew-symmetric tensors and u", v* are constant vectors.

The space of solutions for CYK equation in Minkowski spacetime is twenty dimensional. It is spanned by the

following basis

TuNTo,  DATu, *(DATL),
DALy — %n(D,D)E/\Ty,

where

0 0 0 0
= — v = — — Ty ——, D = ,LL_,
OxH’ Ly Thopy T gan v onn

are generators of Poincaré group extended by scaling transformation (similarity transformations).

T
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For any skew-symmetric tensor ¢, we have defined its dual tfw as follows:

* 1 A
t/“/ = §8I,LV Rtkm .

The construction applied to the dual spin-2 field “W

/*WMUARQA/{dS,uV _ / W,LLV/\/{Q*AHdSMV
S S

(cf. (19)) does not give more charges because the dual tensor Q™ has the same form (20) with the following
interchange:

*

qg+—q k+—EkE u<+—wv.

CYK equation is invariant with respect to the *—operation and the space of solutions is closed with respect to
Hodge dual. Let us also observe that the solutions of equation (20) form a twenty-dimensional vector space. This
means that

Lemma 2. A dimension of the space of CYK 2-tensors in Minkowski spacetime is 20.

1
Generally: max dimension of CYK p-forms = <n i 1) + <n;|: 1)
p p

Remark The Theorem 1 implies that the above Lemma is also true for any conformally flat metric.
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This way for each spin-2 field we can assign 20 linearly independent Maxwell fields. Each of them may carry
“electromagnetic” charge which is described by

1

w,w ::16—7'(' 82W(77L/\7;) (21)
Wiy = —— [ CW(T AT = — [ WT, AT
MY 16m 0% g Y 16w oy g ’
1
— D 22
P i= T MW( AT 22)
1 «
b= 16z | W(D AT, (23)
= [ W(DA L — 20D DT AT, (24)
I = 161 J o v T TN ) A
e L[ W (DAL — 2n(D, DT, AT,
T = T6m Jos v T RTINS 2 T A

Moreover, we can define standard energy-momentum tensor for each of them which is obviously quadratic in

terms of F' so it would be also quadratic in terms of V.
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Natural (super-)tensor

Let us consider a tensor (proposed by Oktem 1968)
2pra,875 = Wuaa,BWVU'yci + Wuafy5W1/UaB

+W*uaa6W*vU’yé + W*/JU’WSW*VUOMB
which is naturally related to our new conserved quantities by the following equality

1

TMEVM (F(Q)) — §Tuvaﬁv5QaﬂQ76 .

Tensor I" has the following properties:

Tuvaﬁ’yé — T,uu’y5aﬁ — T(,uy)[ozﬁ] [v6] » T/U/ocﬁ'y(Sg/“/ =0

which are simple consequences of the definition (25) and spin-2 field properties. Moreover, 1" is related with

Bel-Robinson tensor as follows

1) BR
gﬁ T,uuoz,B’yS — Tuyafy .

One can also show the following properties of tensor 7:

V¥ vapys =0, Tuwapys = 0.
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Proof. The divergence-free property for 7' is a consequence of spin-2 field equations which simultaneously hold
for W and W™, hence we get

1 (oa * Lo *
VMTWO&BW — Zvv (WM apWyoys + W g asW MU’Y5) =0
where the last equality is a consequence of the following formula
WlwaBWuU'yé + W*MaaﬁW*uaw =0

which is equivalent to traceless attribute of 7" in (26) and can be easily checked from properties of spin-2 field
with respect to x—operation (e.g. *> = —1). The second equality in (27) is implied by the Bianchi identity for 1V
and W™. ]

The above properties of tensor 7" allow us to check the following

Theorem 7. If P, () are CYK tensors, X is a conformal vector field and T obeys the properties (26) and (27) then

V' (Tuvapys X PQ) = 0.
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Gravitational charges in a 3+1 decomposition

We begin with a following simple observation.

Lemma 3. Each CYK tensor in Minkowski spacetime can be expressed in a following way:
Q=alt)ToANX +b(t)*(ToAY), (28)
where X, Y are (three-dimensional) conformal Killing fields; a(t), b(t) are functions of time only.

One can prove this Lemma by giving the proper decomposition of the basis tensors
Let us introduce the basis of conformal Killing fields (CKV) in a flat, three-dimensional space:

d S = xki Ry = Ek:ijﬂ%i, K = xS — 17“2 0

D 5" ok (29)

’77{: .

T 9k oxk’

CYK31-Spata Slide 20



The fields written above correspond?® (respectively) to: translation (3), scaling (1), rotation (3) and
proper conformal transformation (3). Now we are able to provide the decomposition of each tensor in a

form given in the Lemma 3.

1° ToATe=To AT (30)
2° ToAD=ToAS (31)
3° TeAD=—t(To ANTe) — *(To A Ry) (32)
4° DAﬁOk—%n(D,D)TO/\ﬁ:—%t”ﬁ)/\ﬁ—t*(’ﬁ)/\Rk)Jr%/\ICk (33)
5°  *(To ATx) = *(To A T) (34)
6° «(ToAD)=x(ToAS) (35)
7 x(Te AD) = —tx(To ANTi) + (To A Ry) (36)

1 1
8 (DA Lok — 50D D)To ATe) = =57 (To A Te) + H(To ARk) ++(To AKk) - (B7)

We have obtained 20 tensors of CYK basis in a 3+1 decomposition. To calculate the charges, we have
to contract each CYK tensor with a spin-2 field and then integrate the result over a two-dimensional

surface.

aNumber of vectors in each class is represented by the number in the bracket.
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Finally, we can check the values of quasi-local charges for the “fully charged” solution:

E(S)=Q(E,S) = / E;;S8'n'dS = 8mm, (38)
S(r)
E(T:) = Q(E, Ti) = / Ei;T!n'dS = 8mwy (39)
S(r)
E(Ri) = Q(E,Ry) = / Ei;Rin'dS = —8mdy , (40)
S(r)
E(Ki) = Q(E,Kr) = / Ei;Kin'dS = 8rky (41)
S(r)
H(S)=Q(H,S) = / H;;8'n'dS = 8nb, (42)
S(r)
H(T) = QUT) = [ HyTin'ds = sma.. 43)
S(r)
H(Ri) = Q(H,Ry) = / HiRyn'dS = 8mpy , (44)
S(r)
H(Ky) = Q(H,Ki) = / H;;Kin'dS = 8msy, . (45)
S(r)

CYK31-Spata Slide 22



CYK tensors (30) and (31) correspond to four time-independent charges:

QE,Tk) =Q(E,S) = Q(H,Ty) = QH,S) =0. (46)

Moreover, we obtain time-dependence of other quantities:

Q(E,Ry) = Q(H, Tx), (47)
Q(E,Ky) = Q(H,Ry), (48)
Q(H,Ri) = —Q(E, Tx), (49)
Q(H,Ky) = —Q(E, Ry). (50)

Finally, we have the following time evolution for the charges: eight quantities are constant, six of them
are linear and other six are quadratic in time. More precisely, we have constant charges:

m(t) =m(0), wi(t)=wi(0), bt)=0(0), a(t)=al(0), (51
linear in time:
pi(t) = —twi(0) + pi(0), di(t) = —tq(0) + di(0) (52)
and quadratic in time:
hi(t) = —%thl(O) Fip(0) + k(0),  si(t) = —%t2ql(0) Ftd(0) + 5,00, (53)

where m(0) denotes initial value of m at t = 0 and similarly for the rest of the quantities.
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Electric and magnetic part of the “fully charged” spin-2 field:

1 - - 1 - = — — 1
r) i r) i r (54)
;3
= w' o5 (ggmu — mame — nyna — nangm)

—

Hy= |(b=5V) ViV, + @x V), + (7% V):iVy)]

Kl

272

Let us observe that exchanging w — ¢, kK — s, d — —p and m — b in the electric part £ we get

_|_

e I

(55)

(Uijnl — NgNj1 — NjinNie — nmjnl) )

magnetic part H. E(w — ¢,k — s,d — —p, m — b) = H represents spin-2 field version of
electromagnetic symmetry between electric and magnetic monopole.
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Traditional Poincaré charges Let us observe that traditional relations between angular momentum
(or center of mass) and Killing vectors (e.g. ADM or Komar formula) are substituted by conformal

acceleration. More precisely, we have the following table:

KV | Charges | CKV

To | po<+m | S | (1) energy
Te | pr <P Ry (3) linear momentum
Lri | Jr s KCr. (3) angular momentum

Lok | Jor & k| Kg (3) center of mass

Other quantities: b — dual mass, d — dual momentum , w — linear acceleration, q — angular
acceleration are usually vanishing, if we want to have global “potentials” (linearized metric h like
vector potential A for magnetic monopole). However, some parameters in Einstein metrics can be
interpreted as topological charges, e.g. dual mass appears in Taub-NUT solution and dual momentum
in Demianski metrics. In J.B. Griffiths and J. Podolsky, A new look at the Plebariski—Demiariski family of
solutions a large class of metric tensors is given. It would be nice to check, if some parameters in those

spacetimes correspond to charges q and w in some asymptotic regime.
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Let’s begin with writing down the Schwarzschild metric in the parametrization (Z, r, 6, ¢):

2M dr?
guvdatds” = — (1 - 7) dt* + . _TM + 72 (d6” + sin® 0d¢?) . (56)

r

Now let us introduce a new coordinate 7 defined by the equality » = 7(1 + %)2 Schwarzschild metric
in coordinates (¢, 7, 6, ¢) takes the form:

1— M/27\° M\*
pogv 2 1 S2 =2 (02 | i 2702
guvdatda <1+M/2T) dt +< +2r) [dir 2 + 77 (df” +sin® 0d¢®)| . (57)

We observe that for a fixed value of ¢, the 3-D metric is conformally flat (i.e. it takes the form of a
flat-space metric multiplied by a conformal factor (1 + %)4). Using this fact we conclude that we
have a set of ten conformal Killing fields, which are identical to the ones that we had for a flat 3-D

space, since both metrics are conformally equivalent. Moreover, using the formula

K = ﬁ (N7;| kT Ngji — agjjk ) we can easily check that the extrinsic curvature tensor K;j vanishes.

Definition of momentary charges Previously we have used the contraction of a spin-2 field with
CYK tensors to define global charges, then we have shown that CYK tensors can be expressed as
contractions of electric (or magnetic) part with conformal Killing fields. Following this lead we will
try to provide a definition of the momentary charges for the Schwarzschild metric as contractions of F
and H with conformal fields (ignoring the fact that we have not enough CYK tensors for this metric).
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In the future we would like to apply this construction for the case of asymptotically flat initial data. It
is well known that some spacetimes admit (exact) CYK tensors but in general one should consider
asymptotic CYK tensors which correspond to the notion of strong asymptotic flatness. The existence
of asymptotic conformal Killing vectors is less restrictive and it should lead to the definition of global
momentary charge for different asymptotics at spatial infinity. In particular, angular momentum and
center of mass correspond to conformal acceleration K.

The content of this talk is the answer to the following question:

What is the analog of Coulomb solution (electric and magnetic monopole) for the spin-2 field?

For spin-1 field the solution is “monopole”, for spin-2 field we have also dipole part. In Maxwell
theory we have only time independent charges, for gravity we get also time-dependent quantities. The
“wave part” of the theory starts from dipoles (I = 1) for electrodynamics and respectively quadrupoles
(I = 2) for gravity. Hence the “charged part” for spin-1 field is represented by [ = 0 but for spin-2 field
we have [ = 0 and [ = 1. Finally, the analog of the electric-magnetic monopole in electrodynamics is
given by the mono-dipole solution for spin-2 field.
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Let us consider a three-slice > equipped with a three-metric -y;; which is asymptotically flat:

M\
Vij = (1 + 2—) (i + hij) (58)
r
where n);; is flat and h;; is a “small perturbation”
Theorem 8.
M\
Vij = (1 + 2—) (i + hij) (59)
r
we assume the following asymptotics when r — oo
hij =0 (7“_1_6) , (60)
(Tytn)%j =0 (r—279), (61)
Kij =0 (7“_3) y (62)
Ez’j =0 (7“_3) , (63)
Bij =0 (7“_3> , (64)

where € > 0.
Then there exists finite limit at v — oo for the asymptotic charges corresponding to the mass, center of

mass, linear and angular momentum.
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Schwarzschild — de Sitter in Painleve — Gullstrand form:

2M 2M
ds®> = — (1 - — = b?“z) dtf) — 2\/— + br? drdt, + dr? + 1202 . (65)
r r
here b = —% corresponds to cosmological constant.
Initial data:
lapse N and shift N*:
N=1, (66)
2M
Nr:—\/—+br2, Ny =0, Ny =0. (67)
r
extrinsic curvature: |
Kij = N (N7;|j + Njj; — atsgz'j) : (68)
has the following non-vanishing components:
M — br3
v = — (69)
V2Mr3 + br6
Koo = —\/2Mr + brt (70)
Kgp = —\/2Mr + brtsin? 6 . (71)
with the trace: 5
. 3(M +0b
V2Mr3 + brb
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Moreover, electric part

9
By =—KKij + K K", + SAvy;; = —KKyj + K K*; + 2by; .

posseses the following non-vanishing components:

and magnetic part vanishes.

3
2M
Err — T—3 )
M
Egg = o
M
E¢¢ = —7 Siﬂ2(9
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Lesson: in the case of the foliation with flat leaves (Painleve—Gullstrand foliation) the extrinsic
curvature behaves asymptotically like »~3/2 which is too weak from ADM point of view. Nevertheless
“electromagnetic mass” is well defined and is quasi-local. (it does not depend on the choice of the

A

sphere and cosmological constant b = — =
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