
Gravity induced by NC spacetime

Shahn Majid (QMUL); joint w. Edwin Beggs Class. Quant. Gravity
31 (2014) 035020 (39pp)

a gravitational source so strong that even light cannot escape

a Ricci curvature singularity at            even in the commutative 
limit  

r = 0

a fully solved example of a 2D noncommutative Riemannian 
geometry; some purely noncommutative phenomena

We are going to study this quantum spacetime

Quantum Gravity???Classical 
geometry

Quantum  geometry

[r, t] = ıλP r

find a unique quantum metric (one scale parameter)

λP → 0



I Background to the algebra   
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U(m)acting on acting on C(M)

C(SU2)>!U(su2) acting on U(su2) U(su2 ⊕ su2) acting on C(SU2)

semidual’n

m :

bicrossproduct quantum group factorising (quantum) group

SM & B. Schroers J. Phys A 42 (2009) 425402

C(M)!!U(so3,1) U(so3,1!"m)

See this in 3D QG

SM & H. Ruegg PLB 334 (1994)



II Background to the physics: wave operators   

[pi , N j ] = − ı
2
δi

j

(
1 − e−2λp0

λ
+ λ "p2

)

+ ıλpi p j ,

Wave operator on nc plane waves e
i!x·!p

e
itp0

||p||2λ = !p2e−λp0

−
2

λ2
(cosh(λp0) − 1)

|
∂p0

∂pi
| = e−λp0

G. Amelino-Camelia & S. M, Int. J. Mod. Phys. A 15 (2000)
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Figure 1. Effective masses and constant energy in the model
against m̃λ = m/mp where mp is the Planck mass.

We have made assumptions on Ψ and the field strength analogous to those that
provide the Newtonian gravity limit (as explained in Section 4), hence the above
should be viewed as, by definition, the exact noncommutative version of Newtonian
gravity or of any other inverse square force in Newtonian mechanics (on interpreting
γ suitably). This is important because otherwise the approximations made in the
derivation would typically far exceed any effects from λ. Working in this Newtonian
gravity limit, the only assumption on λ was with regard to Ψ also slowly varying
on that timescale, resulting in the finite-difference aspect of the noncommutative
geometry being washed out in the approximation. This was not essential (and ∂0
could be used instead) but aids comparison with the usual Schroedinger picture of
an inverse square force. Indeed, writing our equation in the form

ı� ∂

∂t
Ψ = − �2

2mI
∆̄flatΨ+ (V0 −

GMmG

r
)Ψ

we see thus that the principal effects are:

(1) An effective inertial mass

mI = m
sinh(m̃λ)

m̃λ
e−m̃λ = m(1− m̃λ+ o((m̃λ)2))

(2) An effective passive gravitational mass

mG = m

�
m̃λ+ e−m̃λ − 1
m̃λ
2

sinh(m̃λ)

�
= m(1− m̃λ

3
+ o((m̃λ)2))

(3) A constant term in the potential

V0 = mc2
m̃λ

sinh(m̃λ)

�
1−

sinh( m̃λ
2
)

m̃λ
2

�
= −mc2

24
(m̃λ)2 + o((m̃λ)4)).
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as in Newtonian gravity. This is a standard derivation which we include for com-

pleteness only.

Next we consider how the associated spacetime Laplace-Beltrami wave operator

changes. Classically this is

�̄ψ =

�
β
∂2

∂t2
+

∂2

∂x2
i

− 1

2β

∂β

∂xi

∂

∂xi

�
ψ ≈ β

∂2

∂t2
ψ + ∆̄flatψ

where we can discard − 1

2
β−1∂β ≈ ∂Φ/c2 as long as the fields ψ are slowly varying

in space. We do not make the same assumption about slow variation in t and indeed

we now consider fields of the form

ψ = Ψe−ıtmc2

�

where Ψ is slowly varying in both space and time, and where mc2 is the rest mass

of our test particle moving in the above geometry. In this case the spacetime wave

equation �̄ψ =
m2c2

�2 ψ becomes

1

c2
(1− 2Φ

c2
)

�
m2c4

�2 Ψ+ 2ı
mc2

� Ψ̇+ Ψ̈

�
+ ∆̄flatΨ =

m2c2

�2 Ψ

in which we can drop the Ψ̈ term in comparison to the others. We cancel leading

terms, to obtain

ı� ∂

∂t
Ψ = − �2

2m
∆̄flatΨ+mΦΨ

at our level of approximation, which is indeed the correct quantum mechanical de-

scription of a test particle of mass m moving in a gravitational potential Φ (created

by a matter density ρ). One can then take the classical limit of the theory to

recover the classical Newtonian force of gravity. This is a different route to the

one usually taken of geodesic deviation equation reducing to Newtonian motion of

classical particles. It gives the interpretation of the parameter β in the metric.

5. Effects in the quantum case

We have looked above at the classical wave operator and its nonrelativistic limit. We

now do the same for the quantum wave operator of Section 2. We are particularly

interested in Φ = −GM
r where G is Newtons constant and M is a gravitational

mass concentrated at the origin and let γ =
2GM
c2 . Then from Section 3 we have

β = − 1

c2
(1 +

γ

r
), µ = − 1

c2
(
1

2
+

γ

r
), ν = − 1

c2
(
1

2
− γ

r
ln(

γ

r
))

∆0f(t) = ∆β=−1/c2

0
f(t)− γ

c2r
∆hybrid

0
f(t+ ıλ), ∆hybrid

0
=

1

ıλ

�
∂

∂t
− ∂0

�

We see that the effect in ∆0 of the potential γ/r in β is an additional term which

is a hybrid double derivative expressed as the difference of the classical and finite

derivatives.

As result, and also accounting for the term in ∆̄ from β−1∂β, we have on normal

ordered ψ(x, t) =
�

ψn(x)tn on the spacetime,

�ψ(t) = �β=−1/c2ψ(t)− 1

2

γ

r3(1 + γ
r )

xi
∂

∂xi
ψ(t+ ıλ)− 2γ

c2r
∆hybrid

0
ψ(t+ ıλ)
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as the flat bicrossproduct spacetime wave operator (1.4) with correction due to the
Newtonian γ/r potential.

In order to take a quantum mechanical limit as we did before in the classical case,
we note that for any functions f(t), g(t)

∆β=const
0

(fg) = (∆β=const
0

f)g(t+ ıλ) + f(t− ıλ)∆β=const
0

g + (∂0f)∂0g(t+ ıλ)

∆hybrid
0

(fg) = (∆hybrid
0

f)g + f(t− ıλ)∆hybrid
0

g + (∂0f)
∂

∂t
g.

The first is a standard identity for the finite double difference and the second
proven in just the same way from the definitions. We also have to take a view on
the noncommutative Klein-Gordon equation in the bicrossproduct model and we
take this to be

�ψ = m2c2ψ.

In the flat space case this is justified[2] by invariance under the bicrossproduct
quantum Poincare group and we are making the minimum assumption that it still
applies but for the wave operator quantizing the new metric (2.4).

Now let normal ordered ψ be of the form ψ = Ψ(x, t)e−ımc2

� t with Ψ slowly varying
with respect to t and for brevity let

m̃ = mc2/�, ζ = em̃λ.

Then the noncommutative Klein-Gordon equation becomes

ζ∆̄Ψ(t+ ıλ)− 1

c2

�
ζ2∆β=1

0
Ψ+

ζ + ζ−1 − 2

(ıλ)2
Ψ(t− ıλ) + 2

ζ − 1

ıλ
∂0Ψ

�

− γ

c2r

�
ζ2∆hybrid

0
Ψ(t+ ıλ) +

1

ıλ
(−ım̃− 1− ζ−1

ıλ
)Ψ− 2ım̃ζ∂0Ψ(t+ ıλ)

�
=

m̃2

c2
Ψ.

We assume that Ψ is slowly varying in the usual sense |Ψ̈| << m̃|Ψ̇| of the New-
tonian limit and λ|Ψ̈| << |Ψ̇| and we assume the same for our finite difference
and hybrid double time derivatives. By definition, dropping these two terms is the
Newtonian limit.

We now suppose for the sake of discussion that λ is of order the Planck time on the
grounds that the noncommutativity is a quantum gravity effect. Mainly in order
to simplify the equation we assume that Ψ is also slowly varying compared to this
time scale, so λ|Ψ̈| << |Ψ̇| and also λ|∆̄Ψ| << |∆̄Ψ|. The first means that we
can approximate ∂0Ψ ≈ Ψ̇ while the second means that we can ignore the t + ıλ
shift in ∆̄Ψ. We also write Ψ(t − ıλ) = Ψ − ıλ∂0Ψ. We also ignore the correction
− 1

2
β−1∂β to the Laplacian as we did this in the classical analysis of the Newtonian

limit. Then our equation becomes

c2ζ∆̄flatΨ =

�
ζ − ζ−1

ıλ
− γζ

r
2ım̃

�
Ψ̇+

�
m̃2 +

ζ + ζ−1 − 2

(ıλ)2
− γ

rıλ
(ım̃+

1− ζ−1

ıλ
)

�
Ψ.

Finally, making once again our weak field assumption that γ
r << 1 we drop the γ

r Ψ̇
term to arrive after rearrangement at

ı� sinh(m̃λ)

m̃λ

∂

∂t
Ψ = −�2em̃λ

2m
∆̄flatΨ+

�
mc2(1−

sinh( m̃λ
2
)

m̃λ
2

)− GMm

r
(
m̃λ+ e−m̃λ − 1

m̃2λ2

2

)

�
Ψ

SM Euro Phys. J. Web of Conferences, 70 (2014) 00082 

Freedom in extended differential structure = newtonian gravity

Eg point source:

http://www.epj-conferences.org/articles/epjconf/pdf/2014/07/epjconf_icfp2012_00082.pdf
http://www.epj-conferences.org/articles/epjconf/pdf/2014/07/epjconf_icfp2012_00082.pdf


BH potential + minimal coupling => quantum Schw. black hole 
wave operator 

S.M  Commun. Math. Phys. 310 (2012) 
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then decaying rapidly to zero). Also note that although we are speaking in terms of
Planck scale the noncommutativity parameter λp might have a different interpre-
tation and a much more accessible value in another context. Of course we cannot
expect to learn too much about Planck scale physics from Newtonian gravity. Our
main purpose has been to give a tangible interpretation of β in the bicrossproduct
calculus (5.1).

5.3. Minimally coupled Schwarzschild black hole. In contrast to Section 6,
here we give a slightly more ad-hoc but more computable approach to the black
hole, namely built on bicrossproduct spacetime with the same τ = ρ and α = 1 as
before but a particular choice

(5.2) β = − 1

c2(1− γ
r
)
.

where γ = 2GM/c2 will now be the Schwarzschild radius for a black hole of mass
M . The Newtonian gravity point source model above is the just first two terms
of the geometric expansion of this β. We construct the calculus and df to define
the wave operator � from Corollary 3.4, but this is not yet the black hole since
∆̄ = ∆̄flat − 1

2
β−1d̄β∗ is not the spatial part of the black-hole wave operator.

However, there is nothing stopping us replacing ∆̄flat by the Laplace-Beltrami
operator ∆̄LB in (4.4) for the specific 3-geometry in Proposition 4.3 that underlies
the Schwarzschild black hole. This is similar to working in flat space coordinates
and a process of ‘minimal coupling’ where a covariant derivative is then put in by
hand. Thus, we compute within the spatially flat space bicrossproduct model, most
importantly ∆0, but adjust the wave operator to

�BHψ(t) = 2∆0ψ(t) + ∆̄LBψ(t+ λ)− 1

2β
(d̄β, d̄ψ)(t+ λ)

on normal ordered spacetime functions ψ =
�

n
ψntn. Explicitly,

(5.3) �BHψ(t) = 2∆0ψ(t) +

�
(
2

r
− γ

r2
)
∂

∂r
+ (1− γ

r
)
∂2

∂r2
+ eiei

�
ψ(t+ λ)

is our ‘minimally coupled’ noncommutative black hole wave operator.

It remains to study ∆0 further. In order to effectively work with this we Fourier
transform, i.e. consider the effect on functions with time dependence ψ(t) = eıωt

where ω ∈ R and we let λ = ıλp.

Proposition 5.7. For the Schwarzschild β in (5.2) we have

∆0e
ıωt =

1

c2
D(ω, r)eıωt

where

D(ω, r) =
1

λ2
p

�
sinh(ωλp) + e−ωλp(1− γ

r
)

�
1− eωλp − γ

r
ln

�
eωλpr − γ

r − γ

���

has limits

lim
λp→0

D(ω, r) =
ω2

2(1− γ
r
)
, lim

r→∞
D(ω, r) =

cosh(ωλp)− 1

λ2
p

, lim
r→γ

D(ω, r) =
sinh(ωλp)

λ2
p
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Figure 1. Numerical solutions of the noncommutative wave equa-
tion on normal ordered functions with frequency ω > 0 and γ = 1,
and comparison with the classical black hole at same boundary
conditions. (a) Shows the exterior region r > γ with waves ap-
pearing to have a finite frequency at the event horizon r = γ as
a new feature. (b) Shows the interior region r < γe−ωλp and the
new possibility of standing waves with a finite number of ‘cycles’.
The quantum solutions can be continued through from either side
into (c) an interregnum region γe−ωλp ≤ r ≤ γ where they ‘am-
plify’ and typically diverge. The left plot shows solutions driven
from the black hole interior and the right plot from the black hole
exterior. Shown are real and imaginary parts.

event 
horizon

The time dilation/redshift is finite at the event horizon and 
frequency dependent => harmonic multiples destroyed by gravity                            

Thm            Riemannian,     conformal killing,     a function => 
noncommutative             relations:                      with 
extended calc s.t
       

τ(M, ḡ) β
M × R

quantises static spacetime β−1dt⊗dt + ḡ

[f, t] = λτ(f)

!

∃



Ω
1 a((db)c)=(a(db))c `bimodule’

d : A → Ω
1 d(ab)=(da)b+a(db) `Leibniz rule’

space of 1-forms, i.e. `differentials dx’

III Quantum differentials on an algebra

require this to extend to a DGA

Ω = TAΩ
1/I = ⊕nΩ

n, d
2

= 0

Prop.   

bicovariant 
Ω1(U(g)) ↔ Z1(g,Λ1)

surjective pre-Lie algebra  
◦ : g⊗ g → g [x, y] = x ◦ y − y ◦ x

6 SHAHN MAJID & WEN-QING TAO

Next we recall that a left pre-Lie algebra (also called Vinberg algebra) is defined

to be a vector space V equipped with a necessarily associative ‘product’ map ◦ :

V ⊗ V → V s.t.

(4.4) (x ◦ y) ◦ z − (y ◦ x) ◦ z = x ◦ (y ◦ z)− y ◦ (x ◦ z).

In this case, V is necessarily a Lie algebra with Lie bracket given by

(4.5) [x, y]V := x ◦ y − y ◦ x

for all x, y ∈ V , where the Jacobi identity holds due to (4.4.

Corollary 4.2. A connected and simply connected Poisson-Lie group G with Lie
algebra g admits a compatible left-invariant flat preconnection if and only if g∗

admits a pre-Lie structure via Ξ. This is bicovariant iff Ξ obeys (3.3).

Proof. This is shown by (2.6) and (4.3) and is an interpretation of the preceding

Theorem 4.1. �

Note the first part does not seem to depend on the Lie algebra structure of g itself

*** seems remarkable, should check ***

Example 4.3. Let m be a finite-dimensional Lie algebra and G = m∗
be an abelian

Poisson-Lie group with its Kirillov-Kostant Poisson-Lie group structure {x, y} =

[x, y] for all x, y ∈ m ⊂ C∞
(m∗

) or S(m) in an algebraic context. By Corollary 4.2,

this admits a compatible left-invariant flat preconnection iff m admits a pre-Lie

algebra structure. Here Ξ = ◦ and

γx̂dy = d(x ◦ y), ∀x, y ∈ m.

In fact the algebra and calculus in this example works to all orders. Thus the

quantisation of m∗
is U(m) regarded as a noncommutative coordinate algebra with

relations xy − yx = λ[x, y]. If m has an underlying pre-Lie algebra then the above

results lead to relations

[x, dy] = λd(x ◦ y), ∀x, y ∈ m

and one can check that this works exactly and not only to order λ precisely as a con-

sequence of the pre-Lie algebra axiom. Indeed, according to [our paper] bicovariant

calculi on U(m) with left-invariant 1-forms m are classified by invertible 1-cocycles

in Z(m,m) and it is known ***reference needed*** that the latter correspond to

pre-Lie algebra structures for m.

Example 4.4. Let g be a quasi-triangular bialgebra with r-matrix r = r(1)⊗r(2) ∈
g⊗ g. Then g acts on its dual g∗ by coadjoint action ad

∗
and by Lemma 3.8 in [18]

g∗ becomes a left g-crossed module with Ξ(φ,ψ) = −�φ, r(2)�adr(1)ψ. To satisfy

compatibility (2.6), (g, r) is required to obey r+�x = 0 for any x ∈ g, where

r+ = (r + r21)/2 is the symmetric part of r. In this case g∗ has a pre-Lie algebra

structure with Ξ(φ,ψ) = −�φ, r(2)�ad∗r(1)ψ by Corollary 4.2. We see in particular

that every finite-dimensional cotriangular Lie bialgebra is canonically a pre-Lie

algebra.

e.g. 

dx = 1⊗ ζ(x), Ω1 = U(g)⊗Λ1

⇒ Ω(U(g)) SM+W. Tao

x.ζ(y) = ζ(x ◦ y)

ζ ∈

Λ
1∼=g

`surjectivity’{
∑

adb} = Ω
1

graded Leibniz rule



Variable speed of light prediction 

⇒

[r, t] = λr

[r, dt] = λdr, [t, dt] = λdtΛ
1

= g ζ exact

Ω
1

= Adr ⊕ Adt

g :

df(r, t) =
∂f

∂r
dr + (∂0f)dt, ∂0f =

f(r, t) − f(r, t − λ)

λ

∂
2

0 − (
∂

∂r
)2

canonical calculus (unique *-preserving 2D)

Note

[f(r), t] = λr
∂f

∂r
[r, f(t)] = λr∂0f

λ != 0

[f,dr] = 0, [f,dt] = λdf
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formalism of noncommutative Riemannian geometry. We then weaken this by re-

quiring only that g commutes with functions of the radius r =
�

x2

1
+ x2

2
+ x2

3
and

t and in this case we find a reasonable 2-parameter family of quantum metrics

(1.3) g = r2dΩ+ adr ⊗⊗dr + b (v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr))

in polar coordinates, where the parameters a, b �= 0 are real and v = rdt − tdr,
v∗ = (dt)r − (dr)t. The first term of g is the angular part of the metric as for flat

spacetime.

We will not actually develop the quantum geometry of such metrics in this paper,

rather we first want to understand their classical limit λ → 0. We find that the

geometry in this limit is curved and for critical values a = 1 and a = −3 we find

that the Einstein tensor matches Einstein’s equation for a perfect fluid of a certain

pressure ad density depending on b. This gives a physical interpretation as the

Universe being filled with one of these two (albeit not very physical) types of fluid

as a plausible necessity of the existence of noncommutative geometry.

We also find that the classical metric is, after a change of variables afforded by

our geodesic flows, a conformal rescaling of a flat metric. Although we regard the

model here as a toy model or ‘proof of concept’ we believe the rigidity phenomenon

uncovered here to be a generic feature of quantum spacetimes.

As a small application back to noncommutative geometry, the geodesic coordinates

suggest new variables for the quantum algebra and its calculus, and we describe

them in Section 4.

2. Moduli of quantum metrics

We shall use polar coordinates for the bicrossproduct model spacetime[?] where we
replace dxi by ωi = eijdxj where eij = δij − xixj

r2 is projection to the sphere of

constant radius at any point and r2 = xixi. One has xiωi = 0. The angular part

of the metric above is ωi ⊗ ωi. The polar coordinate relations become

[f(r), t] = λrf �
(r), [

xi

r
, t] = 0, [f(t), r] = (f(t)− f(t+ λ))r

for the algebra, for any function f , and

[ωi, t] = [ωi, r] = [dr, t] = [dr, r] = 0

[f(r), dt] = λf �
(r)dr, [f(t), dt] = (f(t)− f(t− λ))dt.

The relations between 1-forms in the exterior algebra are as classically [?]

{ωi,ωj} = {ωi, dr} = {ωi, dt} = {dt, dr} = (dr)2 = (dt)2 = 0.

Working with this polar coordinate description one can verify the following lemma.

Since commutation with t entails a shift by λ, functions of t that are invariant

under such a shift will automatically be central, we call them ‘periodic’ (depending

on the precise formulation of the algebra completion there may not be any).

Lemma 2.1. In the radial-time sector and up to functions periodic in t, the central
1-forms are linear combinations of dr and v = rdt− tdr.

centraldr,

! =

A = U(g)

Z(A) = C1



IV Quantum metric tensor

g ∈ Ω
1
⊗
A

Ω
1

( , ) : Ω1
⊗
A

Ω1
→ A

need this to be able to contract/ `raise/lower’ via metric, eg to have 
well defined contraction:

∧(g) = 0 `quantum symmetric’

invertible in the sense exists inverse:              

Ω
1
⊗
A

Ω
1
⊗
A

Ω
1
→ Ω

1
Tµνρ !→ gµνTµνρ

“                               “

a(ω, η) = (aω, η), (ω, η)a = (ω, ηa) `bimodule map (tensorial)’

( , )⊗ id :

(( , )⊗ id)(ω⊗ g) = ω = (id⊗( , ))(g⊗ω), ∀ω ∈ Ω1

but

(ω, g
1)g2

a = ωa = (ωa, g
1)g2 = (ω, ag

1)g2

g = g
1
⊗
A

g
2

(ω, g
1)g2 = ω

⇒

⇒ ag = ga, ∀a ∈ A  need metric to be central



Lemma: In our DGA a quantum metric has the form                        
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formalism of noncommutative Riemannian geometry. We then weaken this by re-

quiring only that g commutes with functions of the radius r =
�

x2

1
+ x2

2
+ x2

3
and

t and in this case we find a reasonable 2-parameter family of quantum metrics

(1.3) g = r2dΩ+ adr ⊗⊗dr + b (v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr))

in polar coordinates, where the parameters a, b �= 0 are real and v = rdt − tdr,
v∗ = (dt)r − (dr)t. The first term of g is the angular part of the metric as for flat

spacetime.

We will not actually develop the quantum geometry of such metrics in this paper,

rather we first want to understand their classical limit λ → 0. We find that the

geometry in this limit is curved and for critical values a = 1 and a = −3 we find

that the Einstein tensor matches Einstein’s equation for a perfect fluid of a certain

pressure ad density depending on b. This gives a physical interpretation as the

Universe being filled with one of these two (albeit not very physical) types of fluid

as a plausible necessity of the existence of noncommutative geometry.

We also find that the classical metric is, after a change of variables afforded by

our geodesic flows, a conformal rescaling of a flat metric. Although we regard the

model here as a toy model or ‘proof of concept’ we believe the rigidity phenomenon

uncovered here to be a generic feature of quantum spacetimes.

As a small application back to noncommutative geometry, the geodesic coordinates

suggest new variables for the quantum algebra and its calculus, and we describe

them in Section 4.

2. Moduli of quantum metrics

We shall use polar coordinates for the bicrossproduct model spacetime[?] where we
replace dxi by ωi = eijdxj where eij = δij − xixj

r2 is projection to the sphere of

constant radius at any point and r2 = xixi. One has xiωi = 0. The angular part

of the metric above is ωi ⊗ ωi. The polar coordinate relations become

[f(r), t] = λrf �
(r), [

xi

r
, t] = 0, [f(t), r] = (f(t)− f(t+ λ))r

for the algebra, for any function f , and

[ωi, t] = [ωi, r] = [dr, t] = [dr, r] = 0

[f(r), dt] = λf �
(r)dr, [f(t), dt] = (f(t)− f(t− λ))dt.

The relations between 1-forms in the exterior algebra are as classically [?]

{ωi,ωj} = {ωi, dr} = {ωi, dt} = {dt, dr} = (dr)2 = (dt)2 = 0.

Working with this polar coordinate description one can verify the following lemma.

Since commutation with t entails a shift by λ, functions of t that are invariant

under such a shift will automatically be central, we call them ‘periodic’ (depending

on the precise formulation of the algebra completion there may not be any).

Lemma 2.1. In the radial-time sector and up to functions periodic in t, the central
1-forms are linear combinations of dr and v = rdt− tdr.

g = dr⊗dr + b(v∗ ⊗ v + λ(dr⊗ v − v∗ ⊗dr))

b ∈ Rv
∗ = (dt)r − tdr b != 0

* Algebras

g = (t2 + 2βt + λt + α)dr⊗dr − r(t + β)(dr⊗dt + dt⊗dr) + r2dt⊗dt

(proof depends on                                    )                ∧g = 0, [g, r] = [g, t] = 0

work over      but specify real differential geometry via  C

∗ : A → A antilinear involution `*-algebra’ 

extends to graded-anti-algebra hom on Ω(A), [∗,d] = 0

metric hermitian in sense  (∗⊗∗)(g) = flip(g)

Propn.: In our DGA                              .  A quantum metric has 
the unique form                        

r∗ = r, t∗ = t, λ∗
= −λ



g = dr⊗dr + bv⊗ v = (1 + bt2)dr2 + br2dt2 − 2brtdr dt

λ → 0

Ricci =
g

r2
curvature singularity at r=0!            

V Classical limit          

∇dr =
2b

r
v⊗ v, ∇v = −

2

r
v⊗dr ↔ Γ

a
bc

Christoffel
symbols          

M = r
2(rṫ − tṙ)
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A quick look at the second and third cases of (3.7) shows that the matrix Gij−s gij

is not of rank one (i.e. the product of a column and row vector) unless a = 1 (for

the second case) or a = −3 (for the third case). This means that the second and

third cases for a rank one matrix are special cases of the first case. But considering

the first case, the matrix Gij − s gij is of rank one only when a = 1 or a = −3. For

the sign of b, remember that a b is negative for gij to have signature −+++ (take

the determinant of gij to see this).

Accordingly, we have found two cases where G matches a perfect fluid:

Case 3.1. We take a = 1, in which case b = −β2
for some real β. If we set

u = (1/(βr), 0, 0, 0), then gij ui uj
= −1 and

Gij
=

4

r2
gij +

4

r2
ui uj , p =

1

2πGr2
, ρ = 0.

Case 3.2. We take a = −3, in which case b = β2
for some real β. If we set

u = (t/r, 1, 0, 0)/
√
3, then gij ui uj

= −1 and

Gij
= − 4

3 r2
gij +

4

3 r2
ui uj , p = − 1

6πGr2
, ρ =

1

3πGr2
; wQ = −1

2

In the cosmology literature the ratio wQ =
p
ρ is the ‘quintessence parameter’ and has

been associated with models of non-constant cosmological term where, however, this

ratio is spatially constant (but allowed to evolve in FRW time). The case wQ = −1

is obeyed by standard dark energy while wQ = − 1

2
is in the middle of the range

−1 < wQ < 0 referred to in [8]. However, our background is not exactly FRW type

so we are not proposing a direct comparison with standard cosmology.

3.2. Geodesic motion. From the form of the standard geodesic equation

ẍa
= −Γa

bc ẋ
b ẋc

(3.8)

with respect to an affine parameter τ , and from the Christoffel symbols in the

Appendix, one can see that we have motion confined to a plane θ = π/2 (say). For

the φ motion we have

φ̈ = − 2 ṙ φ̇/r ,(3.9)

which gives the usual conservation of angular momentum φ̇ r2 = K, a constant.

The r equation is

a r̈= r φ̇2
+ 2 b (r ṫ2 − 2 t ṙ ṫ+ t2 ṙ2/r)

= r φ̇2
+ 2 b (r ṫ− t ṙ)2/r .(3.10)

Similarly, the t equation is

a ẗ= t φ̇2 − 2aṙ

r2
(r ṫ− t ṙ) +

2bt

r2
(r ṫ− t ṙ)2 .(3.11)

From these equationswe find

d(r ṫ− t ṙ)

dτ
= r ẗ− t r̈ = −2ṙ

r
(r ṫ− t ṙ) .(3.12)

If we set f = r ṫ− t ṙ, then

0 =
d log(f)

dτ
+ 2

d log(r)

dτ
=

d log(r2 f)

dτ

⇒

Geodesic equations        

is a constant of motion        

timelike geodesics, with slope c at          starting at 
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independent of the slope c and of the sign of M . Here Dγ is the proper time from
the left boundary at r = −D to r = 0 while

γ = E(1) =
√
π
Γ( 3

4
)

Γ( 1
4
)
≈ 0.59907.

In principle, we can now write t, r as functions of τ via the inverse function to the
elliptic function E (we have not found a closed formula for this). The proper time
from r = 0 to the right boundary at r = D is againDγ. The above geodesic segment
starts at τ = −Dγ at (−D,−Dc − M

D2 γ) and ends at τ = Dγ at (D,Dc − M
D2 γ).

At half way it passes through (0,− M
D2 ) = P∓ depending on the sign of M .

Motion is necessarily bounded in the region |r| ≤ D (for the solutions to exist in
view of (3.16)) and as the above geodesic segment approaches the r = D boundary
the value of

r̈ = 2b
M2

r5

from (3.10) is finite and retains its negative sign while ṙ → 0 in the finite proper
time. It follows that motion bounces off the boundary and continues with the
reversed sign of the branch of the square root so that the radius is now decreasing
with proper time. This starts a new geodesic segment which passes through P+,
so in particular we have a timelike geodesic from P− to P+. If we allow negative
r then the geodesic continues and ends at r = −D where the geodesic bounces of
the boundary and continues back with the positive branch, and so on. To compute
these further segments we solve with the reversed sign of the square root, matching
the start point of each segment with the end point of the previous. As ṙ and ṫ
depend only in r and the branch, these also match up. The solution above thus
becomes the segment t0 of a sequence:

tn(r) = rc− 2n
Mγ

D3
r − (−1)n

M

D2

��
1− (

r

D
)4 +

r

D
E(

r

D
)

�
, ∀|r| ≤ D, n ∈ Z,

for the segment where

n2Dγ ≤ τ ≤ (n+ 1)2Dγ.

The entire solution is plotted at right in Figure 2(b) for three ‘full cycles’ from the
r = −D boundary and back. Notice the ‘precession’ whereby the slope takes a
negative step with each full cycle.

Meanwhile, at left in Figure 2(b) we plot just one ‘full cycle’ (i.e. the initial segment
t0 and the next segment t1) but for increasing values of positive M . The end points
after a full cycle lie on the upper dashed line while the start points are on the lower
dashed line according to the analysis above. As M → ∞ these two segments limit
for any bounded region of radius to a pair of null geodesics of the same slope c.
This gives a picture of the parallel slopes in Figure 2(a); we think of the lower one
passing through P− as a light ray heading out to the boundary at infinity where
it bounces back and becomes the upper one passing through P+. This picture is
also consistent in 3+1 with an appropriate limit as K → 0 of the null geodesics in
Figure 1, as these connect P±. Our interpretation is for M > 0. When M < 0 our
above solution for a geodesic is the t-reverse of the same solution at positive M but
reversed value of c.

τ(r) = Dγ + DE(
r

D
) E(x) =

∫
x

0

u2

√

1 − u4
du
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r = 0 r = −D, D = (−bM2)
1

4

(a)           case:b < 0

⇒



�0.4 �0.2 0.2 0.4

�4

�2

2

4

6

r

t

M=.25
P
−

P+

timelike geodesics bounce between 

P± = (0,±
1

√
−b

)All geodesics pass through

r = ±(−bM
2)

1

4

M=.1M=.25

M=.75
M=.5

t

r

M=1.5

�1.0 �0.5 0.5 1.0

�2

�1

1

2

3

P+

P
−

M → ∞and become null geodesics as 



null geodesics slope c:
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becomes

ĝij =
1

r̂4





b 0 0 0

0 a 0 0

0 0 r̂2 0

0 0 0 r̂2 sin
2
(θ)



 .(3.21)

3.4. Geodesics in the 2D case. Here we look in more detail at the radial-time

sector of the geodesic motion where the angular momentum K = 0 and (say)

φ = 0, θ =
π
2
identically. These formulae also apply to the 1 + 1 case with the

difference that r is allowed to be negative as the Cartesian space coordinate. We

take a = 1 and b < 0 corresponding to Minkowski signature. From the Ricci tensor

we know that we have a singularity on the line r = 0.

In this case the null geodesic equation with s = 0 in (3.16) gives

t = rc− M√
−bM2

which depends on M only through its sign. We take the positive square root as a

choice in the affine parameter. The geodesics are straight lines of slope c all passing
through points

P± = (0,± 1√
−b

)

on the singularity according to the sign of M , as shown for b = −1 in Figure 2(a).

At every point P other than P± there is precisely one null geodesic with M = 1 and

one with M = −1 passing through that point, as expected. We think of a geodesic

as emerging from from P− in the past light cone of P and terminating at P+ in the

future light cone.

In the case of timelike geodesics with s = −1 in (3.16) we have

t = r(c±M

�
dr

r2
√
−bM2 − r4

)

depending in the branch. We start with a geodesic where we take the positive

branch. This is solved as an elliptic function,

t(r) = rc− M

D2

�
1− (

r

D
)4 − M

D3
rE(

r

D
), ∀|r| ≤ D := (−bM2

)
1
4 ,

E(x) =

� x

0

u2

√
1− u4

du = EllipticE,−1(arcsin(x))− EllipticF,−1(arcsin(x))

in the notation of Mathematica, where c is the constant of integration. We call c
the ‘slope parameter’ as it is the slope at the midpoint where the geodesic segment

passes through r = 0. The value of M is a constant of motion and the geodesics

here are parametrized by M, c. Also the proper time in this branch according to

(3.15) depends only on r. The proper time from r = −D, say, is

τ(r) = Dγ +

� r

0

s2√
D4 − s4

ds = Dγ +DE(
r

D
)

�0.4 �0.2 0.2 0.4

�4

�2

2

4

t

r

M=-1, c=-10

M=1, c=-10

M=-1, c=-5

M=1, c=-5

M=-1, c=0

M=1, c=0

M=1, c=5

M=1, c=10

M=-1, c=10

M=-1, c=5

P+

P
−

So even an outgoing photon bounces back in at           `black hole’r = ∞



O

g = −dt̃2 + R(t̃)2dr̃2, R(t̃) =
√

bt̃2

(b)           case:  use new FRW-like coordinates

P± at r̃ = ±∞

All geodesics start/end on 

t̃ = 0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

�6

�4

�2

2

4

6

t̃

r̃

past null 
cone 

no particle 
horizon

ricci 
singularity

t̃ = 0

b > 0 t̃ = r, r̃ =
t

r



=> 
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4. The interpretation of the stress-energy tensor

Einstein’s equation is

Gij
=

8πG

c4
T ij ,(4.1)

where G is the gravitational constant, T ij
is the stress-energy tensor, and c is the

speed of light. (In the earlier analysis we have already taken c = 1.) We consider

the energy-momentum tensor of a perfect fluid (see [23]), which is

T ij
= p gij + (p+ ρ)ui uj .(4.2)

Here u is the normalised 4-velocity of the fluid (i.e. gij ui uj
= −1 as we have

spacelike coordinates with metric sign +1), p is the pressure, and ρ is the energy

density. If the energy-momentum tensor has this form, then we need Gij − s gij to

be a degenerate matrix (determinant zero), and this gives three choices for s:

s =
4

a r2
, Gij − s gij =





−a2
+bt2a+3a−bt2

a2br4 − (a−1)t
a2r3 0 0

− (a−1)t
a2r3 − a−1

a2r2 0 0

0 0 0 0

0 0 0 0





s =
5− a

a r2
, Gij − s gij =





− 4

abr4 0 0 0

0 0 0 0

0 0
a−1

ar4 0

0 0 0
(a−1) csc

2
(θ)

ar4





s =
1− a

a r2
, Gij − s gij =





4t2

a2r4
4t

a2r3 0 0
4t

a2r3
4

a2r2 0 0

0 0
a+3

ar4 0

0 0 0
(a+3) csc

2
(θ)

ar4



(4.3)

A quick look at the second and third cases of (4.3) shows that the matrix Gij−s gij

is not of rank one (i.e. the product of a column and row vector) unless a = 1 (for

the second case) or a = −3 (for the third case). This means that the second and

third cases for a rank one matrix are special cases of the first case. But considering

the first case, the matrix Gij − s gij is of rank one only when a = 1 or a = −3. For

the sign of b, remember that a b is negative for gij to have signature −+++ (take

the determinant of gij to see this).

Accordingly, we have found two cases where G matches a perfect fluid:

Case 4.1. We take a = 1, in which case b = −β2
for some real β. If we set

u = (1/(βr), 0, 0, 0), then gij ui uj
= −1 and

Gij
=

4

r2
gij +

4

r2
ui uj , p = 1/(2πGr2), ρ = 0.(4.4)

Case 4.2. We take a = −3, in which case b = β2
for some real β. If we set

u = (t/r, 1, 0, 0)/
√
3, then gij ui uj

= −1 and

Gij
= − 4

3 r2
gij +

4

3 r2
ui uj , p = −1/(6πGr2), ρ = 1/(3πGr2)(4.5)
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, Gij − s gij =
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

4t2

a2r4
4t

a2r3 0 0
4t

a2r3
4

a2r2 0 0

0 0
a+3

ar4 0

0 0 0
(a+3) csc

2
(θ)

ar4



(4.3)

A quick look at the second and third cases of (4.3) shows that the matrix Gij−s gij

is not of rank one (i.e. the product of a column and row vector) unless a = 1 (for

the second case) or a = −3 (for the third case). This means that the second and

third cases for a rank one matrix are special cases of the first case. But considering

the first case, the matrix Gij − s gij is of rank one only when a = 1 or a = −3. For

the sign of b, remember that a b is negative for gij to have signature −+++ (take

the determinant of gij to see this).

Accordingly, we have found two cases where G matches a perfect fluid:

Case 4.1. We take a = 1, in which case b = −β2
for some real β. If we set

u = (1/(βr), 0, 0, 0), then gij ui uj
= −1 and

Gij
=

4

r2
gij +

4

r2
ui uj , p = 1/(2πGr2), ρ = 0.(4.4)

Case 4.2. We take a = −3, in which case b = β2
for some real β. If we set

u = (t/r, 1, 0, 0)/
√
3, then gij ui uj

= −1 and

Gij
= − 4

3 r2
gij +

4

3 r2
ui uj , p = −1/(6πGr2), ρ = 1/(3πGr2)(4.5)
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4. The interpretation of the stress-energy tensor
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a=1,b<O:

a=-3,b>O:
} =>

3+1 case

Thm: no central metrics exist at all on this differential algebra

But can find central w.r.t.  functions in                  => 2-parameter family r = |!x|, t
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formalism of noncommutative Riemannian geometry. We then weaken this by re-

quiring only that g commutes with functions of the radius r =
�

x2

1
+ x2

2
+ x2

3
and

t and in this case we find a reasonable 2-parameter family of quantum metrics

(1.3) g = r2dΩ+ adr ⊗ dr + b (v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr))

in polar coordinates, where the parameters a, b �= 0 are real and v = rdt − tdr,
v∗ = (dt)r − (dr)t. The first term of g is the angular part of the metric as for flat

spacetime.

We will not actually develop the quantum geometry of such metrics in this paper,

rather we first want to understand their classical limit λ → 0. We find that the

geometry in this limit is curved and for critical values a = 1 and a = −3 we find

that the Einstein tensor matches Einstein’s equation for a perfect fluid of a certain

pressure ad density depending on b. This gives a physical interpretation as the

Universe being filled with one of these two (albeit not very physical) types of fluid

as a plausible necessity of the existence of noncommutative geometry.

We also find that the classical metric is, after a change of variables afforded by

our geodesic flows, a conformal rescaling of a flat metric. Although we regard the

model here as a toy model or ‘proof of concept’ we believe the rigidity phenomenon

uncovered here to be a generic feature of quantum spacetimes.

As a small application back to noncommutative geometry, the geodesic coordinates

suggest new variables for the quantum algebra and its calculus, and we describe

them in Section 4.

2. Moduli of quantum metrics

We shall use polar coordinates for the bicrossproduct model spacetime[18] where

we replace dxi by ωi = eijdxj where eij = δij − xixj

r2 is projection to the sphere of

constant radius at any point and r2 = xixi. One has xiωi = 0. The angular part

of the metric above is ωi ⊗ ωi. The polar coordinate relations become

[f(r), t] = λrf �
(r), [

xi

r
, t] = 0, [f(t), r] = (f(t)− f(t+ λ))r

for the algebra, for any function f , and

[ωi, t] = [ωi, r] = [dr, t] = [dr, r] = 0

[f(r), dt] = λf �
(r)dr, [f(t), dt] = (f(t)− f(t− λ))dt.

The relations between 1-forms in the exterior algebra are as classically [18]

{ωi,ωj} = {ωi, dr} = {ωi, dt} = {dt, dr} = (dr)2 = (dt)2 = 0.

Working with this polar coordinate description one can verify the following lemma.

Since commutation with t entails a shift by λ, functions of t that are invariant

under such a shift will automatically be central, we call them ‘periodic’ (depending

on the precise formulation of the algebra completion there may not be any).

Lemma 2.1. In the radial-time sector and up to functions periodic in t, the central
1-forms are linear combinations of dr and v = rdt− tdr.

a, b ∈ R

=> null geodesics spiral out from        to             respectively. 
=> metric conformal scaling of flat       metric in new coordinates.

(quintessence            )p

ρ
= −

1

2

R
1,3
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= g21(2 ∂rg12 − ∂tg22) + g22(∂rg22)

We are now ready to obtain all the following Christoffel symbols Γk
ij , written as

matrices with row i and column j,

Γ1

•• =





− 2bt
a

a+2bt2

ar 0 0
a+2bt2

ar − 2t(a+bt2)
ar2 0 0

0 0 − t
a 0

0 0 0 − t sin2
(θ)

a





Γ2

•• =





− 2br
a

2bt
a 0 0

2bt
a − 2bt2

ar 0 0
0 0 − r

a 0

0 0 0 − r sin
2
(θ)

a





Γ3

•• =





0 0 0 0
0 0 1

r 0
0 1

r 0 0
0 0 0 − sin(θ) cos(θ)





Γ4

•• =





0 0 0 0
0 0 0 1

r
0 0 0 cot(θ)
0 1

r cot(θ) 0



 .(3.1)

The Ricci tensor and scalar S computed from these are

Rij =
1

a





−6b 6bt
r 0 0

6bt
r − 2(3bt2+a)

r2 0 0
0 0 a− 3 0
0 0 0 (a− 3) sin2(θ)




, S =

2(a− 7)

a r2
.(3.2)

and these give Einstein tensor

Gij = Rij − 1

2
S gij =





�
1

a − 1
�
b (a−1)bt

ar 0 0
(a−1)bt

ar
−a2−bt2a+5a+bt2

ar2 0 0
0 0 4

a 0

0 0 0 4 sin
2
(p)

a




(3.3)

The corresponding upstairs index version is

Gij =





−a2−bt2a+a+5bt2

a2br4 − (a−5)t
a2r3 0 0

− (a−5)t
a2r3

5−a
a2r2 0 0

0 0 4

ar4 0

0 0 0 4 csc
2
(θ)

ar4




(3.4)

The upstairs metric is

gij =





bt2+a
abr2

t
ar 0 0

t
ar

1

a 0 0
0 0 1

r2 0

0 0 0 csc
2
(θ)

r2





r = 0 r = 0,∞

giju
i
u

j
= −1

[xi, t] = λxi, [xi, xj ] = 0 [f,dt] = λdf



VI Quantum Riemannian Geometry

R∇ = (d⊗
A

id − (∧⊗
A

id)(id⊗
A

∇))∇

curvature

torsion

action on 2-tensor

T∇ = ∧∇− d

∇(fω) = df ⊗ω + f∇ω

∇(ω⊗ η) = ∇ω⊗ η + (σ⊗ id)(ω⊗∇η)

σ : Ω
1
⊗
A

Ω
1
→ Ω

1
⊗
A

Ω
1

bimodule connection

∇(ωf) = σ(ω⊗df) + (∇ω)f

(Michor, Dubois-Violette)

∇ : Ω
1 → Ω

1 ⊗
A

Ω
1

R∇ : Ω
1
→ Ω

2
⊗
A

Ω
1

ω⊗ η ∈ Ω
1
⊗
A

Ω
1

T∇ : Ω
1
→ Ω

2

∇g = 0metric `metric compatible’ now makes sense

torsion free now makes sense

reality
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Now we have

σ(ω ⊗ v
∗) = σ(ω ⊗ dt).r − σ(ω ⊗ dr).t ,

σ(v ⊗ v
∗) = dt⊗ v.r − 2λ

r
v ⊗ dr.r − dr ⊗ v.t

= v
∗ ⊗ v − 2λ v ⊗ dr ,

σ(dr ⊗ v
∗) = v

∗ ⊗ dr + 2 bλ v ⊗ v .

as the braiding to O(λ). Summarising in terms of v, we have to order λ,

σ(v ⊗ v) = v ⊗ v − 2λ v ⊗ dr , σ(dr ⊗ v) = v ⊗ dr + 2 bλ v ⊗ v ,

σ(v ⊗ dr) = dr ⊗ v, σ(dr ⊗ dr) = dr ⊗ dr .(5.4)

Next we will find the connection effectively using a ‘Koszul formula’ in [5]. This
method makes essential use of the ∗-operation so we need to explain this first. Recall
that in noncommutative geometry we do not work with the analogue of real-valued
functions on a manifold but complex valued ones, generalised now to a ∗-algebra.
In the commutative case one may recover a real subalgebra by looking at hermitian
elements where a∗ = a but in general one may not have this luxury. The same
applies to the differential forms where we extend ∗ to an operation on the exterior
algebra. Now that we are working over C a metric g is in principle complexified
but we can impose a ‘hermitian’ condition as explained in Section 2 as a form of
reality constraint. We need to explain similarly the correct ∗-preserving or ‘reality’
property of a bimodule connection, a problem which was solved in general in [5].

We will explain this only in the case of Ω1 needed here, but the general case similar.
The first step is to define a conjugate bimodule (Ω1, ·) which is the same abelian
group under addition as Ω1 but taken with a conjugate action a.ω̄ = ωa∗ and
ω · a = a∗ω for all a ∈ A, ω ∈ Ω1 and ω̄ the same element viewed in Ω1. The
conjugate includes the action of scalars in A. We view ∗ itself more properly as a
bimodule map � : Ω1 → Ω1. Another ingredient is a map Υ : Ω1 ⊗ Ω1 → Ω1 ⊗ Ω1

which in our case is just the flip map but with elements viewed appropriately.
Using conjugate modules one may formulate a notion of a connection ∇ being
star-preserving[5], which in our case for ξ∗ ∈ Ω1 amounts to

(id⊗ �)∇ �−1 (ξ∗) = (�−1 ⊗ id)Υσ−1∇(ξ∗) ,
(id⊗ �)σ(�−1 ⊗ id) = (�−1 ⊗ id)Υσ−1 Υ−1(id⊗ �) ,

and rearrangement of this gives

∇(ξ) = σ(�−1 ⊗ �−1)Υ∇(ξ∗) ,
(�⊗ �)σ(�−1 ⊗ �−1) =Υσ−1 Υ−1

.(5.5)

or in concrete terms

∇(ξ) = σ(ζ∗ ⊗ η∗), ∀η ⊗ ζ = ∇(ξ∗).

To analyse this we set ∇ = ∇0 + λ∇1, and use the fact that we know σ to O(λ)
already. We set η0 ⊗ ζ0 = ∇(ξ∗) and η1 ⊗ ζ1 = ∇1(ξ∗), and

∇0(ξ) + λ∇1(ξ) = σ(ζ∗
0
⊗ η∗

0
)− λσ(ζ∗

1
⊗ η∗

1
) ,

and as σ is just transpose to O(λ0) we get to O(λ1)

∇0(ξ) + λ∇1(ξ) = σ(ζ∗
0
⊗ η∗

0
)− λ η∗

1
⊗ ζ∗

1
.(5.6)

on complex *-algebra



Method to find       metric compatible∇
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5. Noncommutative geometry of the 2D model at first order

Here we completely solve the noncommutative Riemannian geometry of the 2D

bicrossproduct model to order λ in the deformation parameter. We will write the

spatial variable as r in order to make contact with the general case, i.e. thinking

also of the model below as a limit of the full metric in say 4D but with angular

modes suppressed.

The formalism of noncommutative Riemannian geometry on an algebra A that we

will use is the constructive one from our paper [5] and used recently in [21]. This is

based on bimodule connections[25, 11, 12] which in the case of a linear connection

on the bimodule Ω1
of 1-forms amounts to a linear map ∇ : Ω1 → Ω1⊗AΩ1

obeying

∇(aω) = da⊗A ω + a∇ω, ∇(ωa) = (∇ω)a+ σ(ω ⊗A da), ∀a ∈ A, ω ∈ Ω1

for some bimodule map σ : Ω1 ⊗A Ω1 → Ω1 ⊗A Ω1
called the ‘generalised braiding’

(in some cases it obeys the braid relations). The notion of connection here is similar

to that of a covariant derivative ∇X except that the first tensor factor of the output

of ∇ is a copy of Ω1
waiting to be evaluated on a vector field. The map σ is needed

to flip factors in order for this interpretation to make sense, and classically it is a

flip. In particular, we formulate a metric as a nondegenerate element g ∈ Ω1⊗AΩ1

and now the notion of metric compatibility makes sense as

(5.1) ∇g ≡ (∇⊗ id)g + (σ ⊗ id)(id⊗∇)g = 0.

The notion of torsion free also makes sense, as ∧∇ = d provided Ω2
is defined.

Hence there is a notion of ‘quantum Levi-Civita connection’.

In our case the quantum metric from Proposition 2.3 up to an overall normalisation

now has the reduced form

(5.2) g = dr ⊗ dr + b (v
∗ ⊗ v + λ(dr ⊗ v − v

∗ ⊗ dr))

for a single real parameter b (we have set a = 1).

From Section 3 we have the classical Levi-Civita covariant derivative, which be-

comes the O(λ0
) part of the noncommutative covariant derivative

∇0(dr) =
2 b

r
v ⊗ v, ∇0(v) = − 2

r
v ⊗ dr

We wish to extend this calculation to O(λ) in the noncommutative case. We take

∇ = ∇0 + λ∇1 + O(λ2
). The first task is to calculate σ assuming it exists, which

we do from the formula

σ(ω ⊗ da) = da⊗ ω + [a,∇(ω)] +∇([ω, a]) .(5.3)

Notice that to O(λ) it is enough to calculate this using ∇0, which gives the result:

σ(ω ⊗ dr) = dr ⊗ ω ,

for ω any of dr, v. Also

σ(dr ⊗ dt) = dt⊗ dr + [t,∇0(dr)] = dt⊗ dr +
2 bλ

r
v ⊗ v ,

σ(v ⊗ dt) = dt⊗ v + [t,∇0(v)] = dt⊗ v − 2λ

r
v ⊗ dr .
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modes suppressed.

The formalism of noncommutative Riemannian geometry on an algebra A that we

will use is the constructive one from our paper [5] and used recently in [21]. This is

based on bimodule connections[25, 11, 12] which in the case of a linear connection

on the bimodule Ω1
of 1-forms amounts to a linear map ∇ : Ω1 → Ω1⊗AΩ1

obeying

∇(aω) = da⊗A ω + a∇ω, ∇(ωa) = (∇ω)a+ σ(ω ⊗A da), ∀a ∈ A, ω ∈ Ω1

for some bimodule map σ : Ω1 ⊗A Ω1 → Ω1 ⊗A Ω1
called the ‘generalised braiding’

(in some cases it obeys the braid relations). The notion of connection here is similar

to that of a covariant derivative ∇X except that the first tensor factor of the output

of ∇ is a copy of Ω1
waiting to be evaluated on a vector field. The map σ is needed

to flip factors in order for this interpretation to make sense, and classically it is a

flip. In particular, we formulate a metric as a nondegenerate element g ∈ Ω1⊗AΩ1

and now the notion of metric compatibility makes sense as

(5.1) ∇g ≡ (∇⊗ id)g + (σ ⊗ id)(id⊗∇)g = 0.

The notion of torsion free also makes sense, as ∧∇ = d provided Ω2
is defined.

Hence there is a notion of ‘quantum Levi-Civita connection’.

In our case the quantum metric from Proposition 2.3 up to an overall normalisation

now has the reduced form

(5.2) g = dr ⊗ dr + b (v
∗ ⊗ v + λ(dr ⊗ v − v

∗ ⊗ dr))

for a single real parameter b (we have set a = 1).

From Section 3 we have the classical Levi-Civita covariant derivative, which be-

comes the O(λ0
) part of the noncommutative covariant derivative

∇0(dr) =
2 b

r
v ⊗ v, ∇0(v) = − 2

r
v ⊗ dr

We wish to extend this calculation to O(λ) in the noncommutative case. We take

∇ = ∇0 + λ∇1 + O(λ2
). The first task is to calculate σ assuming it exists, which

we do from the formula

σ(ω ⊗ da) = da⊗ ω + [a,∇(ω)] +∇([ω, a]) .(5.3)

Notice that to O(λ) it is enough to calculate this using ∇0, which gives the result:

σ(ω ⊗ dr) = dr ⊗ ω ,

for ω any of dr, v. Also

σ(dr ⊗ dt) = dt⊗ dr + [t,∇0(dr)] = dt⊗ dr +
2 bλ

r
v ⊗ v ,

σ(v ⊗ dt) = dt⊗ v + [t,∇0(v)] = dt⊗ v − 2λ

r
v ⊗ dr .

⇒
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Now we have

σ(ω ⊗ v
∗) = σ(ω ⊗ dt).r − σ(ω ⊗ dr).t ,

σ(v ⊗ v
∗) = dt⊗ v.r − 2λ

r
v ⊗ dr.r − dr ⊗ v.t

= v
∗ ⊗ v − 2λ v ⊗ dr ,

σ(dr ⊗ v
∗) = v

∗ ⊗ dr + 2 bλ v ⊗ v .

as the braiding to O(λ). Summarising in terms of v, we have to order λ,

σ(v ⊗ v) = v ⊗ v − 2λ v ⊗ dr , σ(dr ⊗ v) = v ⊗ dr + 2 bλ v ⊗ v ,

σ(v ⊗ dr) = dr ⊗ v, σ(dr ⊗ dr) = dr ⊗ dr .(5.4)

Next we will find the connection effectively using a ‘Koszul formula’ in [5]. This
method makes essential use of the ∗-operation so we need to explain this first. Recall
that in noncommutative geometry we do not work with the analogue of real-valued
functions on a manifold but complex valued ones, generalised now to a ∗-algebra.
In the commutative case one may recover a real subalgebra by looking at hermitian
elements where a∗ = a but in general one may not have this luxury. The same
applies to the differential forms where we extend ∗ to an operation on the exterior
algebra. Now that we are working over C a metric g is in principle complexified
but we can impose a ‘hermitian’ condition as explained in Section 2 as a form of
reality constraint. We need to explain similarly the correct ∗-preserving or ‘reality’
property of a bimodule connection, a problem which was solved in general in [5].

We will explain this only in the case of Ω1 needed here, but the general case similar.
The first step is to define a conjugate bimodule (Ω1, ·) which is the same abelian
group under addition as Ω1 but taken with a conjugate action a.ω̄ = ωa∗ and
ω · a = a∗ω for all a ∈ A, ω ∈ Ω1 and ω̄ the same element viewed in Ω1. The
conjugate includes the action of scalars in A. We view ∗ itself more properly as a
bimodule map � : Ω1 → Ω1. Another ingredient is a map Υ : Ω1 ⊗ Ω1 → Ω1 ⊗ Ω1

which in our case is just the flip map but with elements viewed appropriately.
Using conjugate modules one may formulate a notion of a connection ∇ being
star-preserving[5], which in our case for ξ∗ ∈ Ω1 amounts to

(id⊗ �)∇ �−1 (ξ∗) = (�−1 ⊗ id)Υσ−1∇(ξ∗) ,
(id⊗ �)σ(�−1 ⊗ id) = (�−1 ⊗ id)Υσ−1 Υ−1(id⊗ �) ,

and rearrangement of this gives

∇(ξ) = σ(�−1 ⊗ �−1)Υ∇(ξ∗) ,
(�⊗ �)σ(�−1 ⊗ �−1) =Υσ−1 Υ−1

.(5.5)

or in concrete terms

∇(ξ) = σ(ζ∗ ⊗ η∗), ∀η ⊗ ζ = ∇(ξ∗).

To analyse this we set ∇ = ∇0 + λ∇1, and use the fact that we know σ to O(λ)
already. We set η0 ⊗ ζ0 = ∇(ξ∗) and η1 ⊗ ζ1 = ∇1(ξ∗), and

∇0(ξ) + λ∇1(ξ) = σ(ζ∗
0
⊗ η∗

0
)− λσ(ζ∗

1
⊗ η∗

1
) ,

and as σ is just transpose to O(λ0) we get to O(λ1)

∇0(ξ) + λ∇1(ξ) = σ(ζ∗
0
⊗ η∗

0
)− λ η∗

1
⊗ ζ∗

1
.(5.6)
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In our cases, we have ξ∗ = ξ to O(λ0
), so to O(λ), λ∇1(ξ) = λ η1 ⊗ ζ1, so (5.6)

becomes

λ (η1 ⊗ ζ1 + η∗1 ⊗ ζ∗1 ) = σ(ζ∗0 ⊗ η∗0)−∇0(ξ) .(5.7)

Case 1: ξ = dr, ξ∗ = ξ, and then

η0 ⊗ ζ0 =
2 b

r
v ⊗ v

ζ∗0 ⊗ η∗0 =
2 b

r
v
∗ ⊗ v

∗

=
2 b

r
v ⊗ v

∗ − 2 bλ

r
dr ⊗ v

∗

σ(ζ∗0 ⊗ η∗0) =
2 b

r
v
∗ ⊗ v − 6λ b

r
v ⊗ dr

and substituting this in (5.7) gives to O(λ0
), where η1 ⊗ ζ1 = ∇1(dr)

η1 ⊗ ζ1 + η∗1 ⊗ ζ∗1 = −6 b

r
v ⊗ dr − 2 b

r
dr ⊗ v .

Using the notation that τ ⊗ κ is an O(λ0
) Hermitian tensor product,

∇(dr) =
2 b

r
v ⊗ v − 3 bλ

r
v ⊗ dr − λ b

r
dr ⊗ v + iλ τr ⊗ κr .(5.8)

Case 2: ξ = v, ξ∗ = v − λ dr, and then

η0 ⊗ ζ0 =− 2

r
v ⊗ dr − 2 bλ

r
v ⊗ v ,

ζ∗0 ⊗ η∗0 =− 2

r
dr ⊗ v

∗
+

2 bλ

r
v
∗ ⊗ v

∗
,

σ(ζ∗0 ⊗ η∗0) =− 2

r

�
v
∗ ⊗ dr + 2 bλ v ⊗ v

�
+

2 bλ

r
v
∗ ⊗ v

∗

=− 2

r
v
∗ ⊗ dr − 2 bλ

r
v
∗ ⊗ v

∗
.

Next

∇(v) =∇(v
∗
) + λ∇(dr)

= η0 ⊗ ζ0 + λ η1 ⊗ ζ1 +
2 bλ

r
v ⊗ v

and substituting this in (5.7) gives to O(λ0
), where η1 ⊗ ζ1 = ∇1(v

∗
)

η1 ⊗ ζ1 + η∗1 ⊗ ζ∗1 =
2

r
dr ⊗ dr − 2 b

r
v ⊗ v .

Now we get

∇(v
∗
) =− 2

r
v ⊗ dr − 3 bλ

r
v ⊗ v +

λ

r
dr ⊗ dr + iλ τv ⊗ κv ,

∇(v) =− 2

r
v ⊗ dr − bλ

r
v ⊗ v +

λ

r
dr ⊗ dr + iλ τv ⊗ κv .(5.9)

Here (5.8,5.9) is the quantum covariant derivative to O(λ) and constructed in such

a way as to be �-preserving to this order.

Next, we use v ∧ v = λ r dt∧ dr to see that this O(λ) covariant derivative is torsion
free to O(λ), i.e. that ∧∇ = d, as long as τv∧κv = 0 and τr∧κr = 0. It should have

been noted that if the antihermitian O(λ) part calculated in (5.8,5.9) had come out
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Combine this with the reality constraint:

Combine this with the reality constraint:

More generally, quadratic system for reality. Then impose metric compatibility

∀a ∈ A, ω ∈ Ω
1



b > 0

b < 0

Propn. Moduli of real metric-compatible     form a line +  conic∇

black parts have classical limit as λ → 0

red parts blow up as              so not visible classicallyλ → 0

in each case a unique `Levi-Civita point’ where torsion T=0



∇dr =
1

r

(

v −
λdr

2

)

⊗

(

(
8b

4 + 7bλ2
)v − (

12bλ

4 + 7bλ2
)dr

)

Unique Levi-Civita soln with classical limit:
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and the Ricci tensor

Ricci =
2− k

r2(k − 1)2αλ2
g(6.37)

which we find is always proportional to the metric.

The zero torsion point α = 8b/(4 + 7bλ2
) (and k = 2(4− bλ2

)/(4 + 7bλ2
)) has

Ricci =

�
4 + 7bλ2

4− 9bλ2

�
g

r2
.(6.38)

By Corollary 6.2, this is the Ricci curvature of the unique quantum-Levi-Civita

connection deforming the classical one for our metric.

We also consider the noncommutative Einstein tensor and we suppose that this

should be defined so as to be conserved. If we consider expressions of the form

Einstein = Ricci− µSg

then the value of µ for the entire conic family (6.37) is determined uniquely by the

conservation requirement and necessarily leads to

µ =
1 + bλ2

2 + bλ2
, Einstein = 0.

Thus it seems reasonable to conclude that the noncommutative geometry remains

a ‘vacuum’ on the quantum spacetime for the conic part of the moduli space.

Alternatively, we could use the standard definition of the Einstein tensor. In this

case the above at the torsion free ‘Levi-Civita’ point appears as a correction

Einsteinusual = Ricci−Sg

2
= (1− (2 + bλ2

)

2(1 + bλ2)
)

�
4 + 7bλ2

4− 9bλ2

�
g

r2
=

bλ2

2r2
(g0+λg1)+O(λ4

)

where g0 is the classical metric and g1 is the first order correction. How the lat-

ter looks, as typical in noncommutative geometry, depends on the ordering before

identification with classical variables. For example if we use (6.34) as the basis for

identification then g1 = −bv ⊗ dr. The main correction, at order λ2
is propor-

tional to the classical metric hence could be viewed as a non-constant ‘dark energy’

cosmological term. Such non-constant terms are not conserved but nevertheless

could have a dynamic or ‘interacting vacuum’ cosmological interpretation[6]. The

order λ3
terms is a further correction and could conceivably appear as some kind

of induced matter term. An issue here is that this term is typically non-symmetric

so that its significance is unclear. Also it then matters on which side we take the

divergence; for example if we take the divergence by contraction with the second

tensor factor then it is in fact conserved (in coordinates ∇ν
(g1)µν = 0 if we take

g1 = −bv ⊗ dr). The merit of such an approach to dark energy would be that

corrections at order λ2
or λ3

could go some way towards the required value of

many many orders below the Planck density. A similar effect of a possible ‘vacuum

energy’ arising as an O(λ2
) correction from quantum spacetime was also found in

[14], in a different model.

`quantum Einstein tensor’=0                            

`usual Einstein’ Ricci −
1

2
S = bλ2

g

2r2
+ O(λ3)

Aside: 
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Finally, we settle an issue which has no classical analogue: one could ask when the

associated σ of the bimodule connection obeys the braid relations. If λ = 0 then

this holds for all connections with σ the flip map. However, if λ �= 0 and α �= 0

(say) then we find that connections of the form (6.1)-(6.2) obey the braid relations

if α,β, γ are otherwise free (so a 3 complex dimensional parameter space) and

δ =
βγ

α
, α�

= −1 + λβ

λ
, β�

= −β(1 + λβ)

αλ
,

γ�
= −γ(1 + λβ)

αλ
, δ� = −βγ(1 + λβ)

α2λ
.

These are non-perturbative and have no intersection with ‘real’ ∗-preserving connec-
tions obeying (6.3)-(6.6) nor with the ∗-preserving metric compatible connections

in Proposition 6.1, at least for generic bλ2
.

6.2. Ricci curvature. Write the Riemann curvature in the following form,

R(dr) =− 1

r2
v ∧ dr ⊗ (c1 v + c2 dr)

R(v) =− 1

r2
v ∧ dr ⊗ (c3 v + c4 dr) .(6.27)

where c1, c2, c3, c4 are calculated from the coefficients in (6.1)-(6.2),

c1 = α (λα�
+ βλ+ γ� − δ + 1) + γ (β − α�

) ,
c2 = αλβ�

+ αδ� + β2λ− γβ�
+ β ,

c3 = λ (α�
)
2
+ α�

+ β�
(αλ+ γ)− αδ� ,

c4 = β�
(λα�

+ βλ− γ�
+ δ + 1) + δ� (α� − β) .(6.28)

If we impose the reality constraints (6.16) then we find

(6.29) c1, c4 ∈ R, c2, c3 ∈ iR

and whenever this happens we say that the curvature coefficients are ‘real’.

Following the same line and methods as at order λ, we again define Ricci as

Ricci = (( , )⊗ id)(id⊗ i⊗ id)((id⊗R)(g)

via a lifting map i : Ω2 → Ω1 ⊗Ω1
and our next result is that this map is uniquely

determined by the required symmetry and reality properties of Ricci. This is not

quite as in classical geometry, where i is defined independently, but the upshot is

the same. We work always with our fixed metric (5.2). As with our analysis for

the connection, we assume a linear form where i(v ∧ dr) is a linear combination of

tensor products of v, dr.

Proposition 6.4. Let ci be ‘real’ curvature coefficients for the Riemann tensor of
a connection. There is a unique skew-hermitian lift i such that the Ricci tensor has
the same ‘hermitian’ and quantum symmetry properties as the metric. In this case

Ricci =−
�
1 + bλ2

�
(c2c3 − c1c4)

2r2(c4 − λ(c2 − c3 + c1λ))

�
v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+
λ
��
1 + bλ2

�
(c1λ− c3) + c2

�
2 + bλ2

��
− c4

c1 + c3bλ
dr ⊗ dr

�
.

We assume that the ci are such that the denominators do not vanish.

i : Ω
2
→ Ω

1
⊗
A

Ω
1                                        uniquely determined by            and 

requirement that Ricci has same symmetry and reality as metric
∧i = id
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One can equivalently compute this directly using i and ( , ). Then ∧Ricci = 0
gives the equation

2λ (λx c3 + p c1)− (y c3 + λ q c1) + (λx c4 + p c2) = 0 .

Finally, imposing ‘reality’ in the equivalent form on (�⊗ id)(Ricci) and ∧Ricci = 0
gives the following values, on the assumption that the denominators do not vanish:

n1 =
bc3λ2 + bc4λ+ c1λ+ c2

2 (1 + bλ2) (c4 − λ(c2 − c3 + c1λ))
,

n2 =
1

2
,

n3 =−1

2
+ λn1

n4 =− (c3 − λc1)(c4 + λ(c3 − (c2 + λc1)(2 + bλ2)))

2(c1 + bc3λ) (c4 − λ(c2 − c3 + c1λ))
.(6.35)

Hence i is determined by the symmetry and reality properties of Ricci. We then
write the resulting Ricci tensor, as stated. �

From the Ricci tensor we can of course define the Ricci scalar as before by evaluation
with ( , ) to obtain

S = −
(c2c3 − c1c4)

�
c1

�
1 + bλ2

�2
+ b

�
−c4 + c2λ

�
2 + bλ2

���

2r2b(c1 + bc3λ)(c4 − λ(c2 − c3 + c1λ))
.(6.36)

We also note that

( , )(g) =
2 + bλ2

1 + bλ2

plays the role of the ‘quantum dimension’ of our geometry as a kind of trace.

6.2.1. Example: The decomposable conic family in Proposition 6.1. The conic fam-
ily (i.e. the decomposable connections according to Corollary 6.3) has Riemann
curvature coefficients computed from (6.28):

c1 = α (k − 1)

c2 =−
4α2λ2 + b

�
3α2λ4 − αλ2 + αkλ2 + k − 2

�

2bλ

c3 =−
4α2λ2 + b

�
3α2λ4 + αλ2 − αkλ2 + k − 2

�

2bλ

c4 =−
α(k − 1)

�
bλ2 + 1

�

b
,

where

k = ±
�
4− α2λ2

b
(4 + 3bλ2) .

Here + corresponds to deformation case of the -ve branch in (6.22).

This gives lifting map i with

n1 =
4α2λ2 + b

�
3α2λ4 − αλ2 + αkλ2 + k − 2

�

4α(k − 1)λ (1 + bλ2)
,

n2 =
1

2
, n3 = −1

2
+ λn1, n4 = n1

(1 + λ2 b)

b

Ricci −
1

( , )(g)
S = 0, S = ( , )Ricci

quantum dimension



Unique Levi-Civita soln without classical limit: 

∇dr =
bv

r
⊗

(

(
1

1 + bλ2
)v − (

2

λ
)dr

)

+ (
2 + bλ2

r(1 + bλ2)
)dr⊗

(

−(
1

λ
)v + (

3

2
)dr

)

blows up as            and itsλ → 0
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6.2.2. Example: The nonperturbative line of connections in Proposition 6.1. The
family (2) of Proposition 6.1, with no classical limit, has Riemann curvature coef-
ficients computed from (6.28) are

c1 =−b(2 + bλ2 + δ(1 + bλ2))

(1 + bλ2)2

c2 =
(2− δ)(2 + bλ2)

λ(1 + bλ2)

c3 =
−bλ2(3 + 2bλ2) + δ(2 + bλ2)(1 + bλ2)

λ(1 + bλ2)2

c4 =
(2− δ)(3 + 2bλ2)

1 + bλ2
.

The lifting map i comes out as

n1 =− (δ − 2)(2 + bλ2)

2λ(2 + bλ2 + δ(1 + bλ2))

n2 =
1

2

n3 =−1

2
+ λn1

n4 =− (2δ(1 + bλ2)− bλ2)(δ(3 + 2bλ2)− (2 + bλ2))

2b(δ − 2)(2 + bλ2 + δ(1 + bλ2))

and the Ricci tensor and scalar come out as

Ricci =
(δ − 2)δ(1 + bλ2)(4 + 3bλ2)

r22λ2(2 + bλ2 + δ(1 + bλ2))
(v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+
2 + 3bλ2 − 3δ(1 + bλ2)

b(δ − 2)
dr ⊗ dr)(6.39)

S =−δ(4 + 3bλ2)(2δ(1 + bλ2)− bλ2)

r22bλ2(2 + bλ2 + δ(1 + bλ2))
.(6.40)

In this family only the point δ = 1, where it intersects with the preceding decom-
posable family, has nontrivial Ricci proportional to the metric.

The zero torsion point in this family is at δ = (6+3bλ∧2)/(2(1+ bλ2) and does not
particularly simplify. For example, the Ricci tensor and scalar come out as

Ricci =−3
(4 + 3bλ2)(−2 + bλ2)

20r2λ2 (1 + bλ2)
(v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+

�
1 + bλ2

� �
14 + 3bλ2

�

b (−2 + bλ2)
dr ⊗ dr)(6.41)

S =−
3
�
3 + bλ2

� �
4 + 3bλ2

�

5r2bλ2 (1 + bλ2)
.(6.42)

After some computation, we find that there is no linear combination of the form
Ricci − µSg that is conserved with respect to the quantum covariant derivative,
suggesting that another approach to the Einstein tensor may still be needed to
cover such far from classical examples.

nothing like the metric  

It all works in our 2D example of `quantum’ Riemannian 
geometry, but the metric can’t be flat and there is a 
second non-deformation solution for the Levi-Civita 
connection
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a.b − b.a = λ{a, b} + O(λ2)
â = {a, }

ω
ij Poisson tensor

connection with 
torsion T

Hamilt. vec field

C
∞(M)

SEMICLASSICALISATION OF NONCOMMUTATIVE RIEMANNIAN GEOMETRY 5

We will generally be interested in categories where the underlying objects are vector
spaces, so C = Vec. Let A ∈ Vec be an associative algebra. Deforming A to first
order then means equipping A1 = A[1] with an associative product A1 ⊗1 A1 → A1

so that A1�(λ) = A.

In this paper we will use a subscript 1 on categories (typically related to A1) to
indicate that we are working in the deformed theory to O(λ), i.e. over k[λ]�(λ2).
Thus E1 denote the category of A1-bimodules over this ring, and E1 the category
of pairs (E,∇) as in Section 2.1 but over A1. Aside from A1 we will not explicitly
denote the change of base on objects, for clarity.

3. Quantization functor to order λ

We concentrate on the case where we start with A0 = C∞(M) where M is a smooth
manifold equipped with a linear connection ∇ and a Poisson bivector ω such that
the following ‘Poisson compatibility’ holds [4]

d(ωij) − ωkj ∇k(dxi) − ωik∇k(dxj) = 0 ,(3.1)

Lemma 3.1. Let ω be a antisymmetric bivector and ∇ a linear connection, with
torsion tensor T . Then ω obeys (3.1) if and only if

ωij
;m + ωik

T
j
km − ωjk

T
i
km = 0.

In this case ω is a Poisson tensor if and only if

�
cyclic (i,j,k)

ωimωjp
T

k
mp = 0.

Proof. The first part is essentially in [4] but given here more generally. For the first
part the explicit version of (3.1) in terms of Christoffel symbols is

(3.2) ωij
,m + ωkjΓi

km + ωikΓj
km = 0.

We write the expression on the left as

ωij
,m + ωkjΓi

mk + ωikΓj
mk + ωkj

T
i
km + ωik

T
j
km

and we recognise the first three terms as the covariant derivative. For the second
part, we put (3.2) into the condition

�
cyclic (i,j,k)

ωim ωjk
,m = 0(3.3)

for a Poisson tensor. �

For example, any manifold with a torsion free connection and ω a covariantly con-
stant antisymmetric bivector will do. This happens for example in the case of a
Kahler manifold, so our results include these.

From the Fedosov theory there is an associative multiplication for functions

a ● b = ab + λ{a, b}�2 +O(λ2)(3.4)

We denote by Aλ any (possibly not associative) quantisation with this leading order
part, which means we fix our associative algebra A1 over k[λ]�(λ2).

            noncomm. DGA          to O(  ), same dΩ(A)

Thm (A): If 

λ∃

Propn:   The Poisson-compat, connection itself gets quantised to
a bimodule connection                            ,

and has a quantum torsion  
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Here the quantum wedge product has a functorial part ∧Q and a ‘quantum’ correc-

tion

ξ ∧1 η = ξ ∧Q η +λ (−1)�ξ�+1Hij ∧ (∂i � ξ)∧ (∂j � η); ξ ∧Q η = ξ ∧η + λ
2
ωij∇iξ ∧∇jη

where the quantum correction is controlled by a family of 2-forms

(2.3) H
ij = 1

4
ωis �T j

nm;s − 2Rj
nms�dxm ∧ dxn ∈ Ω2(M).

Moreover, the classical connection ∇ gets quantised as a map ∇Q ∶ Ω1 → Ω1 ⊗1 Ω
1

where ⊗1 means over the algebra Aλ with the above ●λ product. In noncommutative

geometry quantum connections are handled like this as having values in an extra

copy of Ω1
which, classically, one would evaluate against a vector field to give the

covariant derivative along that vector field. The quantum connection obeys two

Leibniz rules

∇Q(a ● ξ) = a ● ∇Qξ + da⊗1 ξ, ∇Q(ξ ● a) = (∇Qξ) ● a + σQ(da⊗1 ξ)
where

σQ ∶ Ω1 ⊗1 Ω
1 → Ω1 ⊗A Ω1

is a bimodule map called the ‘generalised braiding’. If it exists we say that the

quantum connection is a ‘bimodule connection’ (and when it exists, σQ is unique

so this is really a property of ∇Q not extra data). In our case [5] proves that there

is such a bimodule connection quantising our ∇. In indices, it is

∇Qdx
i = −�Γi

mn + λ

2
ωsj(Γi

mk,sΓ
k
jn − Γi

ktΓ
k
smΓt

jn − Γi
jkR

k
nms)�dxm ⊗1 dx

n

σQ(dxi ⊗1 dx
j) = ...

In the quantisation process the torsion and curvature of ∇Q get modified to [5]

T∇Qξ = 1

2
(ξiT i

nm + λ
2
(∂j �∇iξ)ωis

T
j
nm;s)dxm ∧1 dxn

.

and

R∇Qξ = ...
2.1. Functorial semiquantisation. The above quantised bimodule structure of

Ω1
and ∇Q are examples of the following very general construction[5]. We let

D0(M) = {(E,∇E) � E sections of vector bundle, ∇E ∶ E → Ω1(M)⊗0 E}
here ⊗0 denotes the classical tensor product over C

∞(M) and ∇E is a connection

on E in the usual sense except that we map it into Ω1
waiting to evaluate against

any vector field to give a usual covariant derivative. Thus ∇E = dxi⊗0∇Ei in terms

of a covariant derivative along our basis vectors. Morphisms in D0 are bundle maps,

viewed as module maps on sections, that intertwine the covariant derivatives. The

category is monoidal i.e. there is a tensor product

(E ⊗0 F,∇E⊗0F ), ∇E⊗0Fi(ξ ⊗0 η) = ∇Eiξ ⊗0 η + ξ ⊗0 ∇Fiη.

The main result of [5] is to quantise this data in the bimodule approach [2, 3, 4].

We let

D1(Aλ) = {(E,∇E ,σE) � E ∈ Aλ −Bimodules, ∇E ∶ E → Ω1(Aλ)⊗1 E,

σE ∶ E ⊗1 Ω1(Aλ)→ Ω1(Aλ)⊗1 E
}
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σE ∶ E ⊗1 Ω1(Aλ)→ Ω1(Aλ)⊗1 E
}

σQ : Ω
1
⊗ 1Ω

1
→ Ω

1
⊗ 1Ω

1
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w/ Beggs arXiv:1403.4231

a.db − (db).a = λ∇âdb + O(λ2)
∇i



Thm (B):     monoidal functor to order
(Q,q):   Bundles w. Conn.                     A-Bimod w. Bimod Conn.  

∃
−→

λ

Thm (C):  suppose          Poisson compat and metric   ,              . Let

(1)       is quantum symmetric and central
(2)                    <=> 

gijω
is(T j

nm;s − 2Rj
nms)dxm

∧ dxn

g1 := q−1(g −
λ

4
gijω

is(T j
nm;s − Rj

nms + Rj
mns)dxm

⊗0dxn)

R = `generalised Ricci form’

(ω,∇)

`quant metric’

g1

∇g = 0

∇R = 0∇Q(g1) = 0

g

Cor: If             (the classical Levi-Civita) then        is the quantum 
Levi-Civita iff                                                       is cov. constant.  

∇ = ∇̂ ∇Q
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for all η ∈ Ω1(M) and ξ ∈ E.

2.2. Quantizing the metric and Levi-Civita connection. We can similarly
apply our functor, with corrections, to quantise the metric. Here we suppose that(M,ω,∇) above has additional structure (g, ∇̂) where g is a RIemannian (or pseudo-
RIemannian) metric and ∇̂ is the Levi-Civita connection.

Before constructing the quantum metric g1 ∈ Ω1(Aλ)⊗1 Ω
1(Aλ) note first that the

existence of a bimodule map inverse quantum metric ( , ) ∶ Ω1(Aλ)⊗1Ω
1(Aλ)→ Aλ

requires that g1 is central[4]. Assuming the quantum metric is a deformation of g,
this comes down at order λ to

(2.6) ∇g = 0
So this is our 2nd condition after (2.1) and we assume we are in this case.

The functorial choice for the quantised metric is given by regarding the classical
metric as the value at 1 of g̃ ∶ C∞(M)→ Ω1(M)⊗0 Ω

1(M) a morphism in D0(M),
where we take ∇. Applying the functor then gives

(2.7) gQ = q−1Ω1,Ω1(g) = gijdxi ⊗1 dx
j + λ

2
ωijgpmΓp

iqΓ
q
jndx

m ⊗1 dx
n

in our quantum-central case. One has ∇QgQ = 0 so this is metric compatible. But
on the other hand, ∧1gQ = λR; R =Hijgij
One can therefore either live with this or define

g1 = gQ − λ

4
gijω

is(T j
nm;s −Rj

nms −Rj
mns)dxm ⊗1 dx

n

which now has ∧1(g1) = 0. In this case ∇Q(g1) = 0 iff ∇R = 0 [5].

More generally, write the classical Levi-Civita connection as ∇̂ = ∇ + S where

Sa
bc = 1

2
gad(Tdbc − Tbcd − Tcbd)

and quantise the two parts separately as ∇QS = ∇Q+SQ as a first approximation to
the quantum Levi-Civita connection on the same quantum DGA as above (which
was quantised via ∇).
Theorem 2.3. [5] There is a unique quantum connection of the form ∇1 = ∇QS +
λK which is quantum torsion free and for which the symmetric part in the last two
factors of ∇1g1 = 0. This is fully metric compatible iff

∇̂R + ωij grs S
s
jn(Rr

mki + Sr
km;i)dxk ⊗ dxm ∧ dxn = 0

However, these exist examples, such as the Schwarzschild black hole[5] where this
equation cannot hold (indeed, the left hand side there is independent of the choice of∇ within the class considered, so in some sense topologically) and we must therefore
live with the antisymmetric part (id⊗∧)∇1g1 = O(λ) as a new feature of quantum
geometry. In classical geometry there cannot be any such antisymmetric part, i.e.
this is a purely quantum effect.

In what follows we will be interested only in the S = T = 0 case of the above, where
the ∇ = ∇̂. In this case

R = −1
2
gijω

isRj
nmsdx

m ∧ dxn ∈ Ω2(M)
Works any Kahler-Einstein manifold! eg CP

n



Thm (D):     `best possible‘ quantum Levi-Civita     
                     in the sense torsion free and sym(        )=0 
  Full               iff         

In this case      is also   *-preserving.

∃!

∇1

∇1

∇1g1

∇1g1 = 0
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for all η ∈ Ω1(M) and ξ ∈ E.

2.2. Quantizing the metric and Levi-Civita connection. We can similarly
apply our functor, with corrections, to quantise the metric. Here we suppose that(M,ω,∇) above has additional structure (g, ∇̂) where g is a RIemannian (or pseudo-
RIemannian) metric and ∇̂ is the Levi-Civita connection.

Before constructing the quantum metric g1 ∈ Ω1(Aλ)⊗1 Ω
1(Aλ) note first that the

existence of a bimodule map inverse quantum metric ( , ) ∶ Ω1(Aλ)⊗1Ω
1(Aλ)→ Aλ

requires that g1 is central[4]. Assuming the quantum metric is a deformation of g,
this comes down at order λ to

(2.6) ∇g = 0
So this is our 2nd condition after (2.1) and we assume we are in this case.

The functorial choice for the quantised metric is given by regarding the classical
metric as the value at 1 of g̃ ∶ C∞(M)→ Ω1(M)⊗0 Ω

1(M) a morphism in D0(M),
where we take ∇. Applying the functor then gives

(2.7) gQ = q−1Ω1,Ω1(g) = gijdxi ⊗1 dx
j + λ

2
ωijgpmΓp

iqΓ
q
jndx

m ⊗1 dx
n

in our quantum-central case. One has ∇QgQ = 0 so this is metric compatible. But
on the other hand, ∧1gQ = λR; R =Hijgij
One can therefore either live with this or define

g1 = gQ − λ

4
gijω

is(T j
nm;s −Rj

nms −Rj
mns)dxm ⊗1 dx

n

which now has ∧1(g1) = 0. In this case ∇Q(g1) = 0 iff ∇R = 0 [5].

More generally, write the classical Levi-Civita connection as ∇̂ = ∇ + S where

Sa
bc = 1

2
gad(Tdbc − Tbcd − Tcbd)

and quantise the two parts separately as ∇QS = ∇Q+SQ as a first approximation to
the quantum Levi-Civita connection on the same quantum DGA as above (which
was quantised via ∇).
Theorem 2.3. [5] There is a unique quantum connection of the form ∇1 = ∇QS +
λK which is quantum torsion free and for which the symmetric part in the last two
factors of ∇1g1 = 0. This is fully metric compatible iff

∇̂R + ωij grs S
s
jn(Rr

mki + Sr
km;i)dxk ⊗ dxm ∧ dxn = 0

However, these exist examples, such as the Schwarzschild black hole[5] where this
equation cannot hold (indeed, the left hand side there is independent of the choice of∇ within the class considered, so in some sense topologically) and we must therefore
live with the antisymmetric part (id⊗∧)∇1g1 = O(λ) as a new feature of quantum
geometry. In classical geometry there cannot be any such antisymmetric part, i.e.
this is a purely quantum effect.

In what follows we will be interested only in the S = T = 0 case of the above, where
the ∇ = ∇̂. In this case

R = −1
2
gijω

isRj
nmsdx

m ∧ dxn ∈ Ω2(M)

For given         there may not exist zero curv      
=> nonassociativity at O(   ) in DGA

ω ∇

λ
2

Given (   ,     )  there may not exist      such that   
              => quantum metric not central    

g

∇g = 0

ω ∇

∇̂ = ∇ + S

Given (   ,    ,    ) we have found an obstruction to 
construction of full quantum Levi-Civita     

ω ∇ g

Works Schw BH: unique 4-funl param rotl invariant (   ,   ) but
they all have curvature and levi-civita obstruction

ω∇


