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Effective Quantum Field Theories and Gravity

thAexp{fd4xZ(€, h)} :exp{—fd4x$eff(é,A)}>,
gdzie

LW, h) =L+ L) + Lnt(h ) — feﬁc(l,A) =20+ Z ci(A)Oi(l) .
ieN

= Low energy dynamics (i.e., below a fundamental scale) does not depend on the details
of a high energy one. The latter is encoded in coupling constants that accompany local
vertices;

= Depending on the desired accuracy only a finite number of terms is required;

m Above a fundamental scale it is should be sewn with a more fundamental theory;
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Gravity as an Effective Field Theory

1
L(@=A+ FR+a1R’2w+a2R2+a3M_2R3+...

ﬁ J. E Donoghue, General Relativity as an effective field theory: the leading quantum corrections,
Phys.Rev.D50 (1994) 3874;
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Geometry of Configuration Space

Consider the theory with a gauge symmetry generated by K(i () €G,ie.
5eSlp) = S5’ =0,
where ) ) )
Bep' =K @)ot®,  Ki(@)Ky (@)~ K@K, (@) = [ (@) Ky ().
Let the configuration field space F be a manifold endowed with a metric y(¢). Due to the
underlying gauge symmetry it follows that

dg'=dg} +dej, dgj=Ki(@)de® and dg| = Pid¢’,

where P]’: is a projector on the space orthogonal to the gauge transformations. The metric on
F can be cast into the form

ds” = ydg'de’ = yjd] dp) +Nypde®de?,
where

Nop = Koy ijK

The metric on the orbit space F/G i.e. physical field space is the following

and NaﬁNm’:(sz;, = P]’::5]’:—KéN“ﬂKéy,~j,

Y = Vi~ Yika NP Ky
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Vilkoviski Configuration Field Space Connection

The connection that is compatible with the configuration space metric i.e. which satisfies

the condition
1 _
V,‘)’ jk =0
takes the form

e
Tu=Ty +Ty

where T’ kli is the connection built with the full metric y whereas the last term is defined as

T = ~2y Ky N*F Dy K5+ YuirKGN*PKE DpKSNFY K]
The important property results

L L S
VK =0=y;ViKy, = ViKy ~ K,
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Reparametrization Invariant Effective Action

The Vilkoviski-DeWitt Effective Action reads

b ; - j - 8I'yplg
e Tvldl = f Duld; p161x] exp{—sm ~aligp1C7 1 —g’g].[‘“ }

where o[¢, ¢] = 1/2(geodesic connecting ¢ and ¢)? and
Dulg;p) = Dp/glp1 det Q. ¢, C'}'[§] = 67+ R, 901, 1o 1, B + ..
Quantity o’ [p, ] = g7 [P160 [P, p1/6¢/ at ¢’ transforms as a vector whereas at ¢’ as a scalar. Hence

quantum gauge transformations are not affected by the presence of classical currents.
Due to the properties

_ . _ I} . _
K% ($1V0'[§,0) ~ K¥5 (@), and K% (9] 5_<!>’“Ul[¢'¢] ~ K5 1]
the VDEA is background gauge independet, i. e.

Iyp [1¢IK G [§] =0.
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One loop approximation to VDEA

The covariant expansion of the classical action reads

-nn _ .o .
NOESY ( m) (Vi ...V;, SN (B, )...o ™" [, ¢l

n=0

In the one loop approximation C~1 ji[(/_)] =6 ]‘ Hence,

the one loop VDEA

1 ] ] _ 1 ]
I = 5 logdet (V9,861 + L 1@l x}I$]) - logdet QIbl - 5 logdety (@),

Solution to the gauge-fixing dependence: Taking another gauge-fixing term y'% = y% + Ay® we get
8y Tvpld) = -Gl Kk Qs arh =,

that is the effective action is independent of the gauge fixing term.
In "the orthogonal gauge” ' '
K Plgijlplo’(, ¢l =0

connection simplifies to the Christoffel one i.e. I’ Zl =r Z’ and T,él =0;
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Gravitational Configuration Field Space

The gravitational configuration field space F is endowed with one-parameter family of
ultralocal metrics (" — gix,uv) = guv (X))

Yijl@; @) — \/gx) GH P (x; )6 (x, x') = \/g() le (Zg“(“gﬁ)v - ag”vg“ﬁ) 08(x,x),

where a # %,2. In the case of Einstein gravity metric can be chosen from the highest
derivative term in the second order expansion of the action about a background
configuration
k k I
Sij= Yik-Aj +Cijvv + Bij =P; ]/kle + Bijy

where

Yii =Yijl@;: D), ,A]].‘ — 6zg,lj5(x, x), Bij ~ R_(curvatures in background fields).

Is it possible to change parametrization s.t.

1k
i

F)
—Yr@;1?
0

1

(pl

ii(@;a) = -
Yijl@ ag]

ANSWER: NO.
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Vilkoviski-DeWitt (VDW) and parameter dependent metric

In principle one can choose any metric on . However, this leads to the one-parameter
dependent results when VDW effective action is used. Indeed,

1 ] ] _
5 logdet (Vi(a)V (@SB + L 115 aleuv x i a])
1 ] _ ] )
= 3 logdet (v,-vjskp] + é)(,‘i.[(p]cyv)(?}[([)]] +(a=DGIPFH P+ O((a- 1)),

where
Hy = 2p,’me,QgK;N“ﬁK§D,,D,,SP}Z,
and
k k k_ sk k k_ 1
Yij:YikHj +Yiijv Hj =5j - ij Qj - ng’gaﬁ-
Hence, H;; does not vanish due to the presence of projector of symmetric tensor field on its

trace QJ’
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The Scalar field interacting with Gravity

The Scalar field interacting with Gravity

The action )
S= _ﬁfd”x\@(k—zm+fd”x\/§(%gwau<pav<p+ V@),

where
V(@) = %m2¢2+ %q’)‘l

Expansion of S[g, ¢] about the background field configuration yields:
guw=8uw+xhy 1 @¢=@lx+¢.

Hence

Sij — %huv[—Q”V'“ﬁD—zg’”’“ﬁA+X$V’aﬁ+ng'aﬁ)haﬁ—%Cfl
+%¢(—D+m2+w(p2)gb where = A/2x?

Iy @ Ve + v (V' (@) ) 9.
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The Scalar field interacting with Gravity

Metric and Connection

The metric on F
=% f d"x/g GHPY (a)dguy (x)dgps () + f d"x\/g dp(x)de(x)

The Christoffel connection on F

Hv,po _ Hv,po g 1V v sPO v, 00
M5 = Pag + 36700+ 8000 + s 8apdt T (@),
F/.M/,ll — lgl'“/
11 18
11,11 2 1
r- = K'——
Hv 22a—1) S

Due to a background field independence of the VDEA we take flat background metric.
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The Christoffel connection on F

wv,p0 _ WV,p0 | 1, po sfV v 500 1 v,p0
r ap _6aﬁ +1(8° 6aﬁ+gp 5aﬁ)+2(2a—l)g‘1ﬁg# P,
uv,11 _ 1 _uv
r n = 18"
11,11 2 1
r- = K'——
Hv 22a—1) S

Due to a background field independence of the VDEA we take flat background metric.

The f-function for ¢* theory (MS)

4a-3
Ba(g) = 3/12+2(gA agms — )g«ﬂ]

(an)?
Anomalous dimension for the mass operator (MS)

! l(l—zﬂ A+

Ym= @ am (8ga — 5gm)] .

2a—-1
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The Scalar field i ing with Gravity  Gravitational corrections to YM f function

VD effective action and gravitational corrections

The action for the abelian YM theory

n—4 - -
s=-L f d"xy/g(R-2M) + 7 u" ™ f d"xy/g8" 8 P FuvFyp

Expanding about the background field configuration (pi = (pi + ni, where (pi = (guv,Aq) and
17i = (xhyy, ag) and taking one-parameter dependent metric on the full field space

d* =% f d"xy/g GHVP7 (a)dguy ()dgps (x) + f d"xyg g*PdAq (dag (),
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The Scalar field i ing with Gravity  Gravitational corrections to YM f function

VD effective action and gravitational corrections

The action for the abelian YM theory

S=— xV/g(R=-24) + 75 u" f d"xy/g8" 8 P FuvFyp

Expandmg about the background field configuration (b’ @' + n where (p (8uv,Aa) and
= (xhyy, ag) and taking one-parameter dependent metric on the full field space

=z f d"xy/g GH"P7 (@) dguy ()dgpo (1) + f d"xy/g g% dAq ()dAg(x),

and corresponding Christoffel connection

v . P
T ap = 6aﬁ ;

v,ap _ Av, oc,B
P = gy 8m9

VD EA is background field independent, therefore we take gyy — 61y
The form of the § function is
3 a Ax?

plo=-351 a2z’
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